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Little groups
oV, =wu, V", prv=1,...,d

1
OA = wuy SA, - SH = oy 0"], 10T = 20

The space of non-zero spinors can be represented as a
factor space:

{A}=50(1,d-1)/G, gho=0, ge€G, A €{N}

G1,3 =T
91’5 = 50(3) X T4
gl,g — 80(7) X TS,



{

Little groups

pH = A,

A=)\"A

WP’ =0

woip® = 0 S s = g —

wiop” + wijp’ =0 o
d=3+1: SO(2)x T
d=5+1 SO(4)xT*
d=9+1 SO®)xT®




Little groups and Hopf maps

Transformations which change A but do not change p

SO(2)® T?/T? = SO(2) = S
SO(4)@T*/SO3)®T* = S0(3) = §°
SOB)@T8/SO(T)@ T8 =87

M)V AN=pipi =1, i=1,...,d—1

83/81 _ 82, 87/53 _ 84 815/87 _ 58,



Hopf maps and normed division algebras

P = 21_11112, pn—l—l — 1_11111 — 1_12112, n = 1, 2,4, 8

ui,u2 -real, complex, quaternionic or octonionic numbers.
2 __ = 9 _ _ 2
Py = PP + P, = (G1ug + Gauy)

Inverse formulae:

Uy = 8T,

Tl:\/po-kppﬂ, ry=r, = p . gg =
2 v 2(po + Pp+1)




Hopf maps and normed division algebras
The transformation 8+~ 78 does not change the
quantities p. 77 =1
For real, complex and quaternionic numbers:

For octonions:

Hopf maps:



d=3+1

pr = A"y

V=77, p'=Z0"Z, N=(Z,0'Z) Z=(21,2), Z=2"

Solution for dp=0:

_ 'k _ k 0
Woi = Gijkajp , Wi = €A P,

0/ = 2w0i0'iZ -+ wijeijkakZ

After applying Fierz reordering formula the variation of Z
looks:

07 =" (Zo; Z)2



pH = AP\ P’ =277, p'=-7ZvZ

Solution for d0p=0:

Wij P
Wo; — —Wi0 —
Po
NSA VAR
52__ ww(pp)/ )’")/ZZ‘FCUU’")/ZJZ
0

After applying Fierz reordering formula the variation of Z
looks:

0/ = —(Z’)/ijZ)wijZ + (ZnyijZ)w,,;jCZ



d=5+1. Connection with quaternions

Let us define:

u; =21 + 22), U2 = 23+ 24],

T = (Zy Z)wi; + (ZCHY Z)wjj
The transformation of spinor elements can be given:

oUu, = TU,

T is truly imaginary quaternion. So the transformation of «,
u, 1S an infinitesimal from the

u, = Gu,, GG =1



pt = AT\ =277, p'=-Z~Z
Solution for d0p=0:
Wo; = —Wio = CisP
Po
NN ARY
57 — _ (,UJ(p:/ )’")/ZZ‘FCUU’")/ZJZ

After applying Fierz reordering formula the variation of Z
looks:

07 = —éwij (ZC~I'"™ 7))yt Z
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