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The 1D N-Extended Superalgebra, with A/ odd
generators Q; (I = 1,2,...,N) and a single even
generator H satisfying the (anti)-commutation
relations

{Qr,Q} 6r7H,
[H7 Q[] — Ov
The minimal linear representations (also called
irreducible supermultiplets) are given by the min-
imal number n,,,;, of bosonic
(fermionic) fields for a given value of N.

N = 8L+ m,
Nmin — 24ZG(m)a
where [ =0,1,2,...and m=1,2,3,4,5,6,7,8.

G'(m) appearing in (1) is the Radon-Hurwitz func-
tion

m |1 2 3 4 5 6 7 8
Gm)|1 2 4 4 8 8 8 8

The maximal finite number nmqe Of bosonic
(fermionic) fields entering a non-minimal repre-
sesentation

oN—-1,

Nmax —



Graphical presentation of the 1D SUSY irreps
(unoriented, color-blind graphs):

(8,8),.4, reducible but indecomposable.

ol X

(8,8) g, fully reducible.



(2,8,6) 4, reducible but indecomposable with con-

nectivity symbol 24 + 43 4+ 2-.

(2,8,6)p, reducible but indecomposable with con-

nectivity symbol 83.



%%@

(2,8,6)q, fully reducible with connectivity sym-
bol 44 + 45.

>z Z

(2,8,6);, fully reducible with connectivity sym-
bol 83.



Non-minimal, reducible but indecomposable
N = 4 supermultiplets of field content

(k,8,8 — k):
field content: | label: | connectivity symbol: | dual supermultiplet:
(17877) 44+43 (77871)
(2,8,6) A 24+ 43+ 2o (6,8,2)4
B 83 (67 87 2)B
(3,8,5) A 144+ 33+ 324+ 14 (5,8,3)4
B 43+42 (5a8a3)B
(4, 8, 4) A 1,4+ 6>+ 1o self-dual
B 45 + 44 self-dual
C 23+ 4>+ 21 self-dual
D 8> self-dual
(57873) A 134+ 32+31 4+ 10 (37875)A
B 4o + 44 (3,8,5)B
(6,8,2) A 2o+ 41+ 2 (2,8,6)a
B 81 (2a 8) 6)B
(77871) 4’1‘*‘40 (17877)




(N =4) = (N = 5) oxidation:

(2,8,6):
N=4)=>N=5):[25+24+43 [ 64+ 23
Connected: 24+ 43+ 2> X X
83 X
Disconnected: 44 + 45 X
83 X
(3,8,5):
N=4)=N=5):|1s+32a+4> | 24+53+ 1>
Connected: 1,+33+3>+ 11 X X
43 + 45 X
Disconnected: 4,4 + 44 X
45+ 45 X
(4,8,4):
N=4)=>N=5):[44+4:1 | 14+33+3>+1; [ 43+ 4>
Conn.: 1+ 6>+ 1o X
43+ 44 X
23+ 4o+ 21 X X
8o X
Disconn.: 44 + 49
43+ 44 X
8o X
(5,8, 3):
N=4)=>N=5):[43+31+10[13+5+21
Connected: Is+3>+ 314+ 1o X X
4, + 44 X
Disconnected: 43 + 49 X
4, + 44 X
(6,8,2):
W=4)=>WN=5):14+21+29 | 22+61
Connected: 2>+ 41+ 2o X X
81 X
Disconnected: 4> + 49 X
81 X




Non-minimal N' = 4 supermultiplets and invari-
ant groups (extension of Schur's lemma):

supermultiplet: | commuting group:

(2,8,6) 4 U(1)
(2,8,6)p 1
(4,8,4) 4 1
(4,8,4)p SU(2)
(4,8,4)¢ 1
(4,8,4)p U(l) @U(1)
(6,8,2) 4 U(1l)
(6,8,2)p 1

In the remaining cases, for field content
(k,8,8—k) with k odd, the most general unitary
group is just the identity group 1.



Sigma-models: two constructions.
I) Manifest construction:

1
s = [ac= ~ [ d1Q10:Q3Q4F (7)

F'is the (unconstrained) prepotential.

II) Constrained prepotential: from the root su-
permultiplet, take £ and impose, for j = k +
1,...,8,

oL

oz,
eliminating the dependence on azj’S. T his condi-
tion allows us to regard, according to the dress-
ing procedure, the d:j's no longer as derivative
fields, but as the auxiliary fields g; of mass-
dimension 1 entering the (k,8,8 — k) supermul-
tiplet. We can therefore set

= 0,

= x;
= Z(ml, Zbl, ’%', ¢i7 g])a

(1=1,....k whilei=1,....8 and j = k +
1,....8).

9j
L
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Construction I: N/ = 4 off-shell invariant actions
produces a first-order Lagrangian for

(1,8,7)red:(2,8,6)4,(3,8,5)4,(4,8,4)4,(4,8,4) .

With the only exception of (4,8,4)p, these are
the supermultiplets admitting fermionic sources.

In the remaining cases,

(27 87 6)B7 (37 87 5)B7 (47 87 4)07 (47 87 4)D7 (57 87 3)A7
(57 87 3)37 (67 87 2)A7 (67 87 Q)Ba (77 87 1)7“6d7

the Construction I produces a second-order La-
grangian.
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Example of manifest N' = 4 off-shell action for
(4,8,4)c:

L = oW+ 03+03+; +95+ 75+ 75+ 75+ Modo + Xodo +
AL 4 AoXo + AsAs + A1 + dodo + Ashs) +
®1[03(XoA2 + A2do + A1z + A1A3) — 02(AoAs + Azho — A1 d2 — A A2) +
+90(A2A3 — A2A3 — oAt + A1 o) + go(Mod1 4+ A1do 4+ A2As — Asho) +
g2(A2A1 + A1A2 — XoAs 4 Azho) + g3(XoA2 — A2Xo 4+ Azd1 + A1A3)] +
D5 [03(AoA1 + A1do + A2Az + AoAz) + 01 (AoAs + Azdo — Ao — A1d2) +
+90(A3x1 — A3A1 — Aoz + A2X0) + Go(AoA2 + A2Xo + Aoz — Asd2) +
—g2(Aoro + A1 A1 — X222 + A3A3) + g3(A3h2 + Aods — Aori + Aido)] +
D3[02(AoA1 + A1do — A2Az — A2A3) — 01 (AoA2 + Aodo + A1z + Ai1ds) +
+90(A1 X2 — A1 2 — Aoz + Azho) + go(MoAs + Azho + Ao — AoAg) +
g2(MoA1 — Ao + XAz +
AzX2) — g3(Aodo + A1 A1 + Ao — Azh3)] +
®1[01(AoAo — A1 A1 + Aodo + Ash3) —
U2(AoAz — A3ho + A2A1 + A1d2) +
03(A0A2 — A2x0 — AzA1 — A1A3) + go(A2As — Azd2 — XoA1 — A1do) +
go(—AoA1 + A1 o — X223 + A2Az) + g2(AoAs + Ao + Aod1 + A1) +
g3(—XoX2 — A2do + Ash1 + Ash)] +
D17 (A1 A1 2222 + A1 A1 A3h3 + oA +
AoAz + AoAaAzA1 + Aod1 oAz +
AoA3A1 A2 — A1 A2A3N0) +
D11 (AoAoA1 A1 + Aor2AzA1 + A A dde +
A1A1A3A3 + AoA2A3A1 + AoAzAi Az
—A1A2A3X0) +
D2o(AoAoA2A2 + AoAzA1 A2 + Ao A1 A1 +
A2 X233 + AoA1 A2z + AoAszAido —
—A1A2A3X0) +
P33(A0A0A3A3 + AoA1 A3 +
A3A3A1 A1 + A3A3 202 + AoA1d2Az + AodaAz g
—A1A2A3)00) +
P11 (A1 A0A2A3 — AoA1 oAz +
AoA3A1 A2 + AoA3A1 A2 4+ AoA2A3A1 — Aod2AsAg
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—A1222300 — A1 A2A3)0) +

¢12(>\02\2>\3§2 _+_5\25\1>\05\0 + 5\0_5\25\3& +
AOA3ZAIAL — AoA3A1IAL — A1 2303
—A1X2A323) +

P13(AoA2A3A3 + Azh1dodo +

2\02\22\:9\3 + >\o>\1>\2_5\1 —

AOAIA2A1 — A1 A3 20

—A1A3X22) +

P12(AoAoA2A1 — AodoA1 A2 + AodaAzdo —
AoA2A3A2 + AoA3A1 A1 — AoAs A1\

FA1 222323 + AoA1A3A3) +

D13(AoAoA3A1 —

A0A0AIA3 + AoA1A2A1 — AoA1A2A1 + AoA2A3zAs — AoAads)s
+A1 232202 + Az A20) +

D23(AoAoA3A2 — AodoA2As +

AoA1 X222 — AoA1A2A2 + AoAzA1 Az — AoAzAi A3
+XoA3 11 + Az A1) +

Q (0101 + gogo + V272 +

0393 + Moo + A1 A1 + Aod2 + A3h3) +

Q1 (V1A 11 + V221 + V3A3A1 +

goAoA1 — Gor2Az + GoAoAs — gzdoA2) +
Qo(01 A1 A2 + V2A2A2 + U3A3X2 — V1 A0A3 —
goA2X0 — GoAsA1 + gzdoA1) +

Q3(01 A1 A3 + V2223 +

03A3A3 + U1AoA2 — goAzAo — GoA1 A2 — gadoA1) +
Qi (v1(A2X2 + A3X3) +

U2X0A3 — U3AoA2 — goA2As + GodoA1 + goAoA1 + g3rshi) +
Q11 (AoMoA1A1 + A1 A1 22 + A1 A1 A3A3) +
Qio(MoXoA1 A2 + A1 dA2A3)h3) +

Q13(AoNoA1 A3 + A1Azhod2) +

Q12(A2X0A3X2 — AoAsA1 A1) +

Q13(A1A0A2A1 — AoA2A3A3) +

Q23(A1A0X222 — AoA3A1)3),



where F'(vq,vo,v3,01) IS the unconstrained pre-
potential and

)
P

The constraints V& = 0 and {2 = 0O arise as a
consequence of imposing an extra invariance un-
der an N = 5-Extended Supersymmetry (under
such constraints the resulting off-shell action is
also automatically N' = 8-invariant).

Explicit example of NN = 4-invariant, first-order
action derived from Construction I:

(4,8,4)p non-minimal supermultiplet with con-

nectivity symbol 43 4+ 47 and component fields
(’UO,’Ui; >\Oa >‘i7 )‘07 >\’Lr §Oa§i) (7’ — 17 27 3)
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where

Q(vogo + vig;) +

Q(Noro + M\eAx) +

€ijk$2jgp 0N —

2@005\7)\0 — Q0o0;AoA; +
g (209 — 290NN} —

Q0% — QotoRoro

1 _
—§€ijk90k>\i>\j>\o>\o —

Eijk
2
_EE Q00 R0 — Q05Ap) AAA

6 00O OpA\p) Mgk

Q = 9goF + 9;F.
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Construction II on (4,8,4)g.
The N = 4-invariance is recovered iff the con-
straint

Poo+P;; = O
is satisfied.

£ = o@g+o7+5+5 +
XoXo + 5\0_5\0_4- Nidi + i) + L
€ijkPrUj (AoAi + Airo) + (Povi — Pivo) (Aodi — Aido)
—€ijkP;gr(MoAi — Aido) + (Pogi + Pigo) (MoAi + Aido) +

Eij . ) - =
;(d’wo — Povi) (AjAE — AjAg) +

1 ] ] - _
E(q)jvk — Dp0) (N + AjAk) +

(Pogo + P;7;) (Moro +

M) — Pigi(Aidj — Aidj) — Pogo(Aoro — Aoro) +
gijkAiN; (Prgo — Pogr) + (ijxPor — Pij)AodoAiN; +
Do, (AoXj — AoAj)Nidi +

1 - - - -
Eeijk5pq¢kp(>\o)\i)\j)\q — )\0>\i>\j>\q) +

- - 1 — -
cbjk>\j>\k:>\z')\i - Egijk(qucbOp)\i)\j)\k:)\q
—PgoAoAoNiN; +

Eiq - = — -
ij [Ppp(AoAiNjAk) + Poo(AoXidiAe)] +

Q(Yogo + vigi) + QQ\OXO + Akj\_k:) -+
€ijkS$2jGrAoNi — S2;00AiAo — S200V; Ao +

€45 - - .= LT
2‘7k (Q00k — Qkgo) NiXj — 20\ j N — Q00000
1 - 5ijk: —
_EgiijOszz‘AjAOAO — 75qupk>\0>\i>\j>\q
_52"“ (000 — Q0pAp) XiXjAs
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Complete classification of N = 4 irreps and re-
ducible but indecomposable reps.

Application of reducible but indecomposable reps
to partial breaking of susies.

Comments on oxidation:

Reconstruction of higher-dimensional supersym-
metric theories from 1D supersymmetric data:
The reduction to a 0 + 1 quantum mechani-
cal system of the NN =4 SYM in 3+ 1 dimen-
sion produces a supermultiplet of field content
(9,16,7) which carries an off-shell representa-
tion of 9 supercharges. The remaining 7 su-
persymmetry generators (= 16 — 9) can only be
realized on-shell.

Similarly, for 11D SUGRA, the transverse coor-
dinates supermultiplet containing the graviton,
the gravitinos and the 3-form admits field con-
tent (44,128,84).

It carries an off-shell representation for N = 16
supercharges.
16



The remaining 16 supersymmetry generators which
complete the total number of 32 = 8 x 4 super-
charges close on-shell. An off-shell formulation
of the M-theory would require a supermultiplet
with at least

32,768 = 215

bosonic component fields and an equal number
of fermionic component fields.

The oxidation program can be carried out in
two steps. In the first step an N-extended,
one-dimensional, supersymmetric theory has to
be constructed for a sufficiently large value of
N. The most interesting values for N corre-
spond to N = 4,8,16,32 which can be associ-
ated to a dimensional reduction of a 4, 6, 10, or
11-dimensional supersymmetric theory, respec-
tively.

17



Twisted supersymmetry.

The N=1, D = 4 vector and scalar multiplets
and their twisted symmetries.

The N = 1 vector and scalar multiplets are
(3,4,1) and (2,4,2).

When the 4-manifold has holonomy SU(2), the
multiplets (3,4,1) and (2,4,2) can be repre-
sented as

Am; Ama Wm, Xmns X h

and

CD, JD? Wma Xmn, >27 Bma an

Kaehler geometry: Kaehler metric g with g,,m =

gmm anNd gmn = gmn = 0 and a complex struc-
ture J%; with J2 = 0. Using the metric one
can lower indices and define the Kaehler 2-form
Imm = —Jam and Jmn =0= Jm =0

18



The twist as a change of variables: Dirac equiv-

alent to

MDA = X Dy Vo) + XDm W,

Am, (gh.
Um (gh.
xmn  (gh.
x (gh.

h  (gh.
D, (gh.
®  (gh.
Ym (gh.
Xmn (gh.
x (gh.

n. = 0,mass dim. = 0),
n. = 0,mass dim. = 0),

1
n. = +1,mass dim.= 5),

1
n.= —1,mass dim. = 5),

1
n.= —1,mass dim.= 5),
n. = 0,mass dim.=1).
n. = 2,mass dim.=0),
n. = —2,mass dim.=0),

1
n. = +1,mass dim.= 5),

1

n.= —1,mass dim.= —),
, 1

n.= —1,mass dim.= 5),
n. = 0,mass dim.=1),
n. = 0,mass dim.=1).
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TQFT symmetry:

{87 Sm} 3m _I_ (Am)7
These operators anticommute with d = 9 4+ 9.
The remianing anticommutators between s, s

and sy, are all vanishing (in particular they are
nilpotent).

s (gh. n=1mass dim.=0),
s (gh. n. = —1,mass dim.=0),

smn  (gh. mn.=1,mass dim.=0).

20



Gauge A5 = 0:

3D algebra s,sp or 1D algebra s, sj, Smn. Mod-
ulo gauge transformations, the transformations
of the dimensionally reduced twisted vector mul-
tiplet (3,4,1) are given by

S ST 8§ 512
A1 | ¢¥1 | O —ax 0
Ao | Yo | ax 0 O
Az O O —Xi% a1
W1 0 0 | A1 +ah 0
Wo O | —ah Ao 0
X135 _AT 0 0 a(A1 + ah)
X h 0 o) 0
h 0 0 X 0
z1 = Aj,
D AT — CLAQ,
23 = AT —|— aAQ,
{1 = Y1 —ax,
§2 = 1+ ax,
§3 = X1
fa = X713 — a¥2,
g = A1+ 2ah

21



and introducing the basis of four operators

s & s3,

1
—(812 £ 57),
a

we obtain a realization of the N = (1,1,2) gen-
eralized supersymmetry. Indeed, the four oper-
ators s+, N+ are mutually anticommuting, while
their square is

S+ =
Nyt =

s42 =48, , N+°=0.

The transformation table reads now as

S_|_ S_ N_|_ N_
z11 & | & | 0 | O
zp | —€3| &a | &1 | &2
23| —&a| &3 | —&2| &1
1| 21 | —9| 0 | O
21 g |—21| 0 | O
§3|—22|—23| 21 | ¢
§a|—23|—22| 9 | 21
g| & | & | 0 |0
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