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The 1D N -Extended Superalgebra, with N odd
generators QI (I = 1,2, . . . ,N ) and a single even
generator H satisfying the (anti)-commutation
relations

{QI , QJ} = δIJH,

[H, QI] = 0,

The minimal linear representations (also called
irreducible supermultiplets) are given by the min-
imal number nmin of bosonic
(fermionic) fields for a given value of N .

N = 8l + m,

nmin = 24lG(m),

where l = 0,1,2, . . . and m = 1,2,3,4,5,6,7,8.

G(m) appearing in (1) is the Radon-Hurwitz func-
tion

m 1 2 3 4 5 6 7 8
G(m) 1 2 4 4 8 8 8 8

The maximal finite number nmax of bosonic
(fermionic) fields entering a non-minimal repre-
sesentation

nmax = 2N−1.



Graphical presentation of the 1D SUSY irreps

(unoriented, color-blind graphs):

(8,8)red, reducible but indecomposable.

(8,8)FR, fully reducible.
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(2,8,6)A, reducible but indecomposable with con-

nectivity symbol 24 + 43 + 22.

(2,8,6)B, reducible but indecomposable with con-

nectivity symbol 83.

5



(2,8,6)a, fully reducible with connectivity sym-

bol 44 + 42.

(2,8,6)b, fully reducible with connectivity sym-

bol 83.
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Non-minimal, reducible but indecomposable
N = 4 supermultiplets of field content
(k,8,8− k):

field content: label: connectivity symbol: dual supermultiplet:
(1,8,7) 44 + 43 (7,8,1)
(2,8,6) A 24 + 43 + 22 (6,8,2)A

B 83 (6,8,2)B

(3,8,5) A 14 + 33 + 32 + 11 (5,8,3)A
B 43 + 42 (5,8,3)B

(4,8,4) A 14 + 62 + 10 self-dual
B 43 + 41 self-dual
C 23 + 42 + 21 self-dual
D 82 self-dual

(5,8,3) A 13 + 32 + 31 + 10 (3,8,5)A
B 42 + 41 (3,8,5)B

(6,8,2) A 22 + 41 + 20 (2,8,6)A
B 81 (2,8,6)B

(7,8,1) 41 + 40 (1,8,7)
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(N = 4) ⇒ (N = 5) oxidation:

(2,8,6):

(N = 4) ⇒ (N = 5) : 25 + 24 + 43 64 + 23
Connected: 24 + 43 + 22 X X

83 X
Disconnected: 44 + 42 X

83 X

(3,8,5):

(N = 4) ⇒ (N = 5) : 15 + 34 + 42 24 + 53 + 12
Connected: 14 + 33 + 32 + 11 X X

43 + 42 X
Disconnected: 44 + 41 X

43 + 42 X

(4,8,4):

(N = 4) ⇒ (N = 5) : 44 + 41 14 + 33 + 32 + 11 43 + 42
Conn.: 14 + 62 + 10 X

43 + 41 X X
23 + 42 + 21 X X

82 X
Disconn.: 44 + 40 X

43 + 41 X
82 X

(5,8,3):

(N = 4) ⇒ (N = 5) : 43 + 31 + 10 13 + 52 + 21
Connected: 15 + 32 + 31 + 10 X X

42 + 41 X
Disconnected: 43 + 40 X

42 + 41 X

(6,8,2):

(N = 4) ⇒ (N = 5) : 42 + 21 + 20 22 + 61
Connected: 22 + 41 + 20 X X

81 X
Disconnected: 42 + 40 X

81 X
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Non-minimal N = 4 supermultiplets and invari-

ant groups (extension of Schur’s lemma):

supermultiplet: commuting group:
(2,8,6)A U(1)
(2,8,6)B 1
(4,8,4)A 1
(4,8,4)B SU(2)
(4,8,4)C 1
(4,8,4)D U(1)⊗ U(1)
(6,8,2)A U(1)
(6,8,2)B 1

In the remaining cases, for field content

(k,8,8−k) with k odd, the most general unitary

group is just the identity group 1.
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Sigma-models: two constructions.

I) Manifest construction:

S =
∫

dtL =
1

m

∫
dtQ1Q2Q3Q4F (~x)

F is the (unconstrained) prepotential.

II) Constrained prepotential: from the root su-

permultiplet, take L and impose, for j = k +

1, . . . ,8,

∂L
∂xj

= 0,

eliminating the dependence on xj’s. This condi-

tion allows us to regard, according to the dress-

ing procedure, the ẋj’s no longer as derivative

fields, but as the auxiliary fields gj of mass-

dimension 1 entering the (k,8,8− k) supermul-

tiplet. We can therefore set

gj = ẋj

L ≡ L(xl, ẋl, ψi, ψ̇i, gj),

(l = 1, . . . , k, while i = 1, . . . ,8 and j = k +

1, . . . ,8).
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Construction I: N = 4 off-shell invariant actions

produces a first-order Lagrangian for

(1,8,7)red, (2,8,6)A, (3,8,5)A, (4,8,4)A, (4,8,4)B.

With the only exception of (4,8,4)B, these are

the supermultiplets admitting fermionic sources.

In the remaining cases,

(2,8,6)B, (3,8,5)B, (4,8,4)C, (4,8,4)D, (5,8,3)A,

(5,8,3)B, (6,8,2)A, (6,8,2)B, (7,8,1)red,

the Construction I produces a second-order La-

grangian.
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Example of manifest N = 4 off-shell action for
(4,8,4)C:

L = Φ(υ̇2
1 + υ̇2

2 + υ̇2
3 + ˙̄υ

2
1 + g2

0 + ḡ2
0 + ḡ2

2 + ḡ2
3 + λ̇0λ0 + ˙̄λ0λ̄0 +

λ̇1λ1 + λ̇2λ2 + λ̇3λ3 + ˙̄λ1λ̄1 + ˙̄λ2λ̄2 + ˙̄λ3λ̄3) +

Φ1[υ̇3(λ̄0λ̄2 + λ2λ0 + λ̄1λ̄3 + λ1λ3)− υ̇2(λ̄0λ̄3 + λ3λ0 − λ̄1λ̄2 − λ1λ2) +

+g0(λ̄2λ̄3 − λ2λ3 − λ̄0λ̄1 + λ1λ0) + ḡ0(λ0λ̄1 + λ1λ̄0 + λ2λ̄3 − λ3λ̄2) +

ḡ2(λ2λ̄1 + λ1λ̄2 − λ0λ̄3 + λ3λ̄0) + ḡ3(λ0λ̄2 − λ2λ̄0 + λ3λ̄1 + λ1λ̄3)] +

Φ2[υ̇3(λ̄0λ̄1 + λ1λ0 + λ̄2λ̄3 + λ2λ3) + υ̇1(λ̄0λ̄3 + λ3λ0 − λ̄1λ̄2 − λ1λ2) +

+g0(λ̄3λ̄1 − λ3λ1 − λ̄0λ̄2 + λ2λ0) + ḡ0(λ0λ̄2 + λ2λ̄0 + λ2λ̄3 − λ3λ̄2) +

−ḡ2(λ0λ̄0 + λ1λ̄1 − λ2λ̄2 + λ3λ̄3) + ḡ3(λ3λ̄2 + λ2λ̄3 − λ0λ̄1 + λ1λ̄0)] +

Φ3[υ̇2(λ̄0λ̄1 + λ1λ0 − λ̄2λ̄3 − λ2λ3)− υ̇1(λ̄0λ̄2 + λ2λ0 + λ̄1λ̄3 + λ1λ3) +

+g0(λ̄1λ̄2 − λ1λ2 − λ̄0λ̄3 + λ3λ0) + ḡ0(λ0λ̄3 + λ3λ̄0 + λ1λ̄2 − λ2λ̄1) +

ḡ2(λ0λ̄1 − λ1λ̄0 + λ2λ̄3 +

λ3λ̄2)− ḡ3(λ0λ̄0 + λ1λ̄1 + λ2λ̄2 − λ3λ̄3)] +

Φ1̄[υ̇1(λ0λ̄0 − λ1λ̄1 + λ2λ̄2 + λ3λ̄3)−
υ̇2(λ0λ̄3 − λ3λ̄0 + λ2λ̄1 + λ1λ̄2) +

υ̇3(λ0λ̄2 − λ2λ̄0 − λ3λ̄1 − λ1λ̄3) + g0(λ2λ̄3 − λ3λ̄2 − λ0λ̄1 − λ1λ̄0) +

ḡ0(−λ̄0λ̄1 + λ1λ0 − λ̄2λ̄3 + λ2λ3) + ḡ2(λ̄0λ̄3 + λ3λ0 + λ̄2λ̄1 + λ2λ1) +

ḡ3(−λ̄0λ̄2 − λ2λ0 + λ̄3λ̄1 + λ3λ1)] +

Φ1̄1̄(λ̄1λ1λ2λ̄2 + λ̄1λ1λ3λ̄3 + λ̄0λ1 +

λ̄2λ3 + λ̄0λ2λ̄3λ1 + λ̄0λ1λ̄2λ3 +

λ̄0λ3λ̄1λ2 − λ̄1λ̄2λ̄3λ̄0) +

Φ11(λ̄0λ0λ1λ̄1 + λ̄0λ2λ3λ̄1 + λ̄1λ1λ2λ̄2 +

λ̄1λ1λ3λ̄3 + λ0λ2λ̄3λ̄1 + λ0λ3λ̄1λ̄2

−λ1λ2λ3λ0) +

Φ22(λ̄0λ0λ2λ̄2 + λ̄0λ3λ1λ̄2 + λ̄2λ2λ1λ̄1 +

λ̄2λ2λ3λ̄3 + λ0λ1λ̄2λ̄3 + λ0λ3λ̄1λ̄2 −
−λ1λ2λ3λ0) +

Φ33(λ̄0λ0λ3λ̄3 + λ̄0λ1λ2λ̄3 +

λ̄3λ3λ1λ̄1 + λ̄3λ3λ2λ̄2 + λ0λ1λ̄2λ̄3 + λ0λ2λ̄3λ̄1

−λ1λ2λ3λ0) +

Φ1̄1(λ1λ0λ2λ̄3 − λ̄0λ̄1λ̄2λ3 +

λ0λ3λ1λ̄2 + λ̄0λ̄3λ̄1λ2 + λ0λ2λ3λ̄1 − λ̄0λ̄2λ̄3λ1
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−λ1λ2λ3λ̄0 − λ̄1λ̄2λ̄3λ0) +
Φ1̄2(λ0λ2λ3λ̄2 + λ̄2λ̄1λ0λ̄0 + λ̄0λ̄2λ̄3λ2 +
λ0λ3λ1λ̄1 − λ̄0λ̄3λ̄1λ1 − λ1λ2λ3λ̄3

−λ̄1λ̄2λ3λ̄3) +
Φ1̄3(λ0λ2λ3λ̄3 + λ̄3λ̄1λ0λ̄0 +
λ̄0λ̄2λ̄3λ3 + λ0λ1λ2λ̄1 −
λ̄0λ̄1λ̄2λ1 − λ1λ3λ2λ̄2

−λ̄1λ̄3λ2λ̄2) +
Φ12(λ̄0λ0λ2λ̄1 − λ0λ̄0λ1λ̄2 + λ̄0λ2λ3λ̄2 −
λ0λ̄2λ̄3λ2 + λ̄0λ3λ1λ̄1 − λ0λ̄3λ̄1λ1

+λ̄1λ2λ3λ̄3 + λ̄2λ1λ3λ̄3) +
Φ13(λ̄0λ0λ3λ̄1 −
λ0λ̄0λ1λ̄3 + λ̄0λ1λ2λ̄1 − λ0λ̄1λ̄2λ1 + λ̄0λ2λ3λ̄3 − λ0λ̄2λ̄3λ3

+λ̄1λ3λ2λ̄2 + λ̄3λ1λ2λ̄2) +
Φ23(λ̄0λ0λ3λ̄2 − λ0λ̄0λ2λ̄3 +
λ̄0λ1λ2λ̄2 − λ0λ̄1λ̄2λ2 + λ̄0λ3λ1λ̄3 − λ0λ̄3λ̄1λ3

+λ̄2λ3λ1λ̄1 + λ̄3λ2λ1λ̄1) +
Ω(υ̇1 ˙̄υ1 + g0ḡ0 + υ̇2ḡ2 +

υ̇3ḡ3 + λ0
˙̄λ0 + λ1

˙̄λ1 + λ2
˙̄λ2 + λ3

˙̄λ3) +
Ω1(υ̇1λ1λ̄1 + υ̇2λ2λ̄1 + υ̇3λ3λ̄1 +
g0λ0λ̄1 − ḡ0λ2λ3 + ḡ2λ0λ3 − ḡ3λ0λ2) +
Ω2(υ̇1λ1λ̄2 + υ̇2λ2λ̄2 + υ̇3λ3λ̄2 − ˙̄υ1λ0λ3 −
g0λ̄2λ0 − ḡ0λ3λ1 + ḡ3λ0λ1) +
Ω3(υ̇1λ1λ̄3 + υ̇2λ2λ̄3 +
υ̇3λ3λ̄3 + ˙̄υ1λ0λ2 − g0λ̄3λ0 − ḡ0λ1λ2 − ḡ2λ0λ1) +
Ω1̄(υ̇1(λ2λ̄2 + λ3λ̄3) +
υ̇2λ̄0λ̄3 − υ̇3λ̄0λ̄2 − g0λ̄2λ̄3 + ḡ0λ̄0λ1 + ḡ2λ̄2λ1 + ḡ3λ̄3λ1) +
Ω1̄1(λ0λ̄0λ1λ̄1 + λ1λ̄1λ2λ̄2 + λ1λ̄1λ3λ̄3) +
Ω1̄2(λ0λ̄0λ1λ̄2 + λ1λ̄2λ3λ̄3) +
Ω1̄3(λ0λ̄0λ1λ̄3 + λ1λ̄3λ2λ̄2) +
Ω12(λ2λ0λ3λ̄2 − λ0λ3λ1λ̄1) +
Ω13(λ1λ0λ2λ̄1 − λ0λ2λ3λ̄3) +
Ω23(λ1λ0λ2λ̄2 − λ0λ3λ1λ̄3),



where F (υ1, υ2, υ3, ῡ1) is the unconstrained pre-

potential and

Ω = ∇F = ∂11F + ∂22F + ∂33F + ∂1̄1̄F,

Φ = ∂11̄F.

The constraints ∇Φ = 0 and Ω = 0 arise as a

consequence of imposing an extra invariance un-

der an N = 5-Extended Supersymmetry (under

such constraints the resulting off-shell action is

also automatically N = 8-invariant).

Explicit example of N = 4-invariant, first-order

action derived from Construction I:

(4,8,4)B non-minimal supermultiplet with con-

nectivity symbol 43 + 41 and component fields

(υ0, υi;λ0, λi, λ̄0, λ̄i; ḡ0, ḡi) (i = 1,2,3):
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L = Ω(υ̇0ḡ0 + υ̇iḡi) +

Ω(λ0
˙̄λ0 + λk

˙̄λk) +

εijkΩjḡkλ0λi −
Ωiυ̇0λ̄iλ0 −Ω0υ̇iλ̄0λi +
εijk

2
(Ω0ḡk −Ωkḡ0)λiλj −

Ωjυ̇iλ̄jλi −Ω0υ̇0λ̄0λ0

−1

2
εijkΩ0kλiλjλ0λ̄0 −

εijk

2
δpqΩpkλ0λiλjλ̄q

−εijk

6
(Ω00λ̄0 −Ω0pλp)λiλjλk,

where

Ω = ∂00F + ∂iiF.
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Construction II on (4,8,4)B.
The N = 4-invariance is recovered iff the con-
straint

Φ00 + Φii = 0

is satisfied.

L = Φ(υ̇2
0 + υ̇2

i + ḡ2
0 + ḡ2

i +

λ̇0λ0 + ˙̄λ0λ̄0 + λ̇iλi + ˙̄λiλ̄i) +
εijkΦkυ̇j(λ̄0λ̄i + λiλ0) + (Φ0υ̇i −Φiυ̇0)(λ̄0λ̄i − λiλ0)
−εijkΦj ḡk(λ0λ̄i − λiλ̄0) + (Φ0ḡi + Φiḡ0)(λ0λ̄i + λiλ̄0) +
εijk

2
(Φiυ̇0 −Φ0υ̇i)(λ̄jλ̄k − λjλk) +

1

2
(Φjυ̇k −Φkυ̇j)(λ̄jλ̄k + λjλk) +

(Φ0ḡ0 + Φj ḡj)(λ̄0λ0 +
λ̄kλk)−Φiḡj(λ̄iλj − λiλ̄j)−Φ0ḡ0(λ̄0λ0 − λ0λ̄0) +
εijkλiλ̄j(Φkḡ0 −Φ0ḡk) + (εijkΦ0k −Φij)λ0λ̄0λiλ̄j +
Φ0j(λ̄0λj − λ0λ̄j)λiλ̄i +
1

2
εijkδpqΦkp(λ̄0λiλjλ̄q − λ0λ̄iλ̄jλq) +

Φjkλ̄jλkλiλ̄i − 1

2
εijkδpqΦ0pλiλ̄jλkλ̄q

−Φ00λ0λ̄0λiλ̄i +
εijk

2
[Φpp(λ0λiλ̄jλ̄k) + Φ00(λ̄0λiλ̄jλk)] +

Ω(υ̇0ḡ0 + υ̇iḡi) + Ω(λ0
˙̄λ0 + λk

˙̄λk) +
εijkΩj ḡkλ0λi −Ωiυ̇0λ̄iλ0 −Ω0υ̇iλ̄0λi +
εijk

2
(Ω0ḡk −Ωkḡ0)λiλj −Ωjυ̇iλ̄jλi −Ω0υ̇0λ̄0λ0

−1

2
εijkΩ0kλiλjλ0λ̄0 −

εijk

2
δpqΩpkλ0λiλjλ̄q

−εijk

6
(Ω00λ̄0 −Ω0pλp)λiλjλk
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Complete classification of N = 4 irreps and re-

ducible but indecomposable reps.

Application of reducible but indecomposable reps

to partial breaking of susies.

Comments on oxidation:

Reconstruction of higher-dimensional supersym-

metric theories from 1D supersymmetric data:

The reduction to a 0 + 1 quantum mechani-

cal system of the N = 4 SYM in 3 + 1 dimen-

sion produces a supermultiplet of field content

(9,16,7) which carries an off-shell representa-

tion of 9 supercharges. The remaining 7 su-

persymmetry generators (= 16− 9) can only be

realized on-shell.

Similarly, for 11D SUGRA, the transverse coor-

dinates supermultiplet containing the graviton,

the gravitinos and the 3-form admits field con-

tent (44,128,84).

It carries an off-shell representation for N = 16

supercharges.
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The remaining 16 supersymmetry generators which

complete the total number of 32 = 8× 4 super-

charges close on-shell. An off-shell formulation

of the M-theory would require a supermultiplet

with at least

32,768 = 215

bosonic component fields and an equal number

of fermionic component fields.

The oxidation program can be carried out in

two steps. In the first step an N -extended,

one-dimensional, supersymmetric theory has to

be constructed for a sufficiently large value of

N . The most interesting values for N corre-

spond to N = 4,8,16,32 which can be associ-

ated to a dimensional reduction of a 4, 6, 10, or

11-dimensional supersymmetric theory, respec-

tively.
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Twisted supersymmetry.

The N = 1, D = 4 vector and scalar multiplets

and their twisted symmetries.

The N = 1 vector and scalar multiplets are

(3,4,1) and (2,4,2).

When the 4-manifold has holonomy SU(2), the

multiplets (3,4,1) and (2,4,2) can be repre-

sented as

Am, Am, Ψm, χmn, χ, h

and

Φ, Φ̄, Ψm, χmn, χ̄, Bmn, Bmn.

Kaehler geometry: Kaehler metric g with gmm =

gmm and gmn = gmn = 0 and a complex struc-

ture J i
j with J2 = 0. Using the metric one

can lower indices and define the Kaehler 2-form

Jmn = −Jnm and Jmn = 0 = Jmn = 0
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The twist as a change of variables: Dirac equiv-
alent to

λ̄γµDµλ = χmnD[mΨn] + χDmΨm,

Am, (gh. n. = 0, mass dim. = 0),

Am (gh. n. = 0, mass dim. = 0),

ψm (gh. n. = +1, mass dim. =
1

2
),

χmn (gh. n. = −1, mass dim. =
1

2
),

χ (gh. n. = −1, mass dim. =
1

2
),

h (gh. n. = 0, mass dim. = 1).

Φ, (gh. n. = 2, mass dim. = 0),

Φ (gh. n. = −2, mass dim. = 0),

ψm (gh. n. = +1, mass dim. =
1

2
),

χmn (gh. n. = −1, mass dim. =
1

2
),

χ (gh. n. = −1, mass dim. =
1

2
),

Tmn (gh. n. = 0, mass dim. = 1),

Bmn (gh. n. = 0, mass dim. = 1).
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TQFT symmetry:

{s, sm} = ∂m + (Am),

{sp, smn} = aJp[m(∂n] + (An])

These operators anticommute with d = ∂ + ∂̄.

The remianing anticommutators between s, sp

and smn are all vanishing (in particular they are

nilpotent).

s (gh. n = 1, mass dim. = 0),

sm (gh. n. = −1, mass dim. = 0),

smn (gh. n. = 1, mass dim. = 0).
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Gauge A2̄ = 0:

3D algebra s, sp or 1D algebra s, sp, smn. Mod-
ulo gauge transformations, the transformations
of the dimensionally reduced twisted vector mul-
tiplet (3,4,1) are given by

s s1 s2 s12
A1 ψ1 0 −aχ 0
A2 ψ2 aχ 0 0
A1 0 0 −χ12 aψ1
ψ1 0 0 Ȧ1 + ah 0
ψ2 0 −ah Ȧ2 0
χ12 −Ȧ1 0 0 a(Ȧ1 + ah)
χ h 0 0 0
h 0 0 χ̇ 0

z1 = A1,

z2 = A1 − aA2,

z3 = A1 + aA2,

ξ1 = ψ1 − aχ,

ξ2 = ψ1 + aχ,

ξ3 = χ12,

ξ4 = χ12 − aψ2,

g = Ȧ1 + 2ah
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and introducing the basis of four operators

s± = s± s2,

N± =
1

a
(s12 ± s1),

we obtain a realization of the N = (1,1,2) gen-

eralized supersymmetry. Indeed, the four oper-

ators s±, N± are mutually anticommuting, while

their square is

s±2 = ±∂t , N±2 = 0.

The transformation table reads now as

s+ s− N+ N−
z1 ξ1 ξ2 0 0
z2 −ξ3 ξ4 ξ1 ξ2
z3 −ξ4 ξ3 −ξ2 ξ1
ξ1 ż1 −g 0 0
ξ2 g −ż1 0 0
ξ3 −ż2 −ż3 ż1 g
ξ4 −ż3 −ż2 g ż1
g ξ̇2 ξ̇1 0 0
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