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ATIYAH-SINGER THEOREM
( )

e Consider the motion of a massless electron
on the plane in external magnetic field B(x,y).

Dirac operator:

D = 0;(0;, —i4A,), 7 =1,2

o P05} =0 -

Double degeneracy of all excited level = super-
symmetry



The index and its integral representation

Izp:Tr{0'3€_sz2}:n0L—n% —
1
<I>:2—/B(x,y)dxdy.

7



x€ -~ \
X+ € Q A, ) =-yE (y)2

Figure 1: Schwinger-splitted ferm. propagator in
external field

Heat kernel proof

e Anomalous divergence

1
8,LLJ/,L = EeaﬁFaﬁ .

e May be proven by Schwinger splitting

J, — Ju(e) = (T + e)%/fw(x — €)



Functional integral proof
e Dirac index = Witten index of a SQM system
with
H:p27 Q:p(l—I_O-?:)v Q:p(l_@%)

e can be mapped to

1 1
H = (P +4;)° + 5B, Y]

then

7 /1:[ dﬁ(T)dZ((;):)Z(T)dZ(T) 2 (r)dir)

with periodic boundary conditions.



e For small 3, this gives (?7) an ordinary inte-
gral

drdzdrndz —
I = / 7T4Z 27r Zdwdwexp{—[ﬂ—[} — magnetic flux,
T

Gen. even-dimensional manifold with Ab. gauge field
n K
I = /e}-det_l/2 [SH;{M] 7
47
with

1
F=FyndeM ndzY |,  Run = 5 RMNPQ dzt A dz@ .



e Heat kernel proof — Atiyah + Singer 1968,1971

e Functional integral proof — Alvarez-Gaumeé,

1983; Friedan + Windey, 1984.
(based on the standard susy structure {P(1 +

03); @2})
e This talk — an alternative proof based on an
alternative susy structure for Kahler manifolds.



A SQM MODEL

e Consider the chiral (antichiral) superfields

Zi(tr,0) = 22 (t)+V20y7, Z'(tgr,0) = 7 —/200¢7 .
(tz,r =t T i66)

e Consider the action

S = /dtd29(£+£wz),

1 _ L= _
L = —295(2,2)DZ'DZ7, Lwy =7 W(Z2)
with
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e In components:

SE/dt(L‘|‘LWZ): dt{gz_ [Z 2+ %<¢ v W%ﬁj)}
(
2
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[(287591'3 — &'gtj) 3t — (2839tz &gtj) i ” &5
(ot -aws')| ],
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e g,; - the metric.

e other terms are expressed via Christoffel sym-
bols, spin connections, torsions, and W.



e For Kahler manifolds,
gz'E(Za Z) — 8738EK(ZJ Z) )

the torsion terms vanish, and things simplity.

Classical supercharges and hamiltonian

ch =2 [Hk - W ¢ (wk,ab)] ei“wc,
K = V2ekype I + iy “ @ (w5 4a) | -

SN

H} =g (H ?Elb)( 1) 1;%“)
—2cpel ef@ 3kW¢a po

where Il = Py + i(co/2)0x W and w; 3, = ef0;e
are Kahler spin connections.
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Quantization

e Ordering ambiguities. Want to keep super-
symmetry at quantum level.

e Universal recipe ( ):

a) Weyl ordering of classical supercharges gives
“flat” supercharges

b) covariant supercharges are obtained by
a similarity transformation Q@ — (det g)~'/2Q(det g)'/2.

QY = V2yceg [Hk Lo, (Indet &) + iy 9 @ (wi )}

. DN

%8E(lndete)+zw v (o )],



COMPLETION TO
EXTENDED SUSY KAHLER MODEL

e NO gauge field !

e The Lagrangian can be reduced to

K — —%Z'kak,K

(K - Kahler potential)
e Introduce chiral fermionic superfields ®7, ®*
and write

~ 1 .5
EKZCK—FZQZ-E(I)Z(I)]C

Bingo !



Geometric interpretation

1. Dolbeault
e Choose

W = —(Indetg)/(n+1)

(Ox W is called a tautological bundle) and assume
dete = det e = y/det g.
o Let co = (n+1)/2. Then

a) Ilg is reduced to a holomorphic derivative

b) The action of () on the wave functions is iso-
morphic to the action of the external holomorphic
derivatives 0 on the holom. (p,0) - forms.

c) é maps to 0.
e 0 and 0" form the Dolbeault complex.



eco=—(n+1)/2.
In this case,

° ﬁ,; is reduced to the antiholomorphic deriva-
tive
e () is mapped to d and Q to O

e We obtain the antiholomorphic Dolbeault com-
plex.

e Generic ¢g — twisted Dolbeault and/or
anti-Dolbeault complex.



2. Dirac

e Let ¢cog = 0. Then

Q = V2yP€f [3k + %wk,ad(@z Gap 4 — ¢d1;a)} :

e Map fermion variables to 7 - matrices: V2 =
v*, /2¢® = ~%. Then

1

Q+Q =D = y4elY <8M + ZwM,BmB’VC) =Dy .

e Another real supercharge

g — ’L[ Hol_( Hol)*} :,YAIEDB,

where 1% I? = —1, is the matrix of complex
structure, I = diag(ios,...,i02)
e Noticed before by



e cg # 0 — Re|Q)] is the twisted Dirac
operator (with external gauge field)

CONCLUSION:

For Kahler manifolds, the Dirac complex, twisted
by a bundle proportional to the tautological
bundle O Indet g, is equivalent to a twisted
holomorphic or antiholomorphic Dolbeault

complex.



THE INDEX

e small 5 limit; functional integral — ordinary
integral,

1 n .
I = (%) / [ d="dz’ det g det | Fog]
J

with F; = coegeg&-@,;W (generalized magnetic
field strength).

e For C'P™, this gives

(co)”

n!

?
Icprn =

e Not integer and strange. Does not take into
account curvature.



e The correct result:

Tomn — (co—l—(n—l)/2) |

n

is integer is cg is integer (odd n) and half-integer
(even n)

Resolution of the paradox : one cannot neglect
higher Fourrier modes.
One should instead expand

(1) =270 4 Z 2 (m) g2mimr/B
m=#~0

etc. and integrate over [ [ - dz?(™) ... in the Gaus-
slan approximation.



e Doing this and going to real notation, we
reproduce the known result

R
S1n —
] = /6'7:det_1/2 [ lrrl,zélﬁ} ’
4

e Origin of sin|- - -]

- (2rm)? a
11 (2rm)2 +a2  2sinh(a/2)

m=1



