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Discrete Integrable Systems - Introduction

KdV: field u(x, t)

1
Ut == ZUXXX + 3UUX
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Discrete Integrable Systems - Introduction

Hirota Discrete KdV (HDKdV): field u, n defined on rectangular
grid

1 1
- = C (Uny1,m — Unms1)
Un+1,m+1 Unm
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Discrete Integrable Systems - Introduction

A quad-graph equation: relates values of the field at vertices of
a fundamental rectangular lattice domain.

1 1
- =C (Un+1,m - Un,m+1)
Unt+1,m+1 Unm

nm+1 n+1,m+1

n, m n+1,m

— 17 = C(ujp — Up1) for short
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Discrete Integrable Systems - Introduction

KdV and HDKdV share common algebraic structure.
Can obtain KdV as a continuum limit of HDKdV:

h h3

Un7m — 1+h2U<X—2,t—2>
h he

Un+1’m — 1 +h2U <X+2,t—2>
h he

Un7m+1 — 1 + h2U <X - E,t+ 2)

, h

C+1 C+1 2
+ + Uxxx + ———Uly + O(h?)

U=tec—n" taac 1) c—1
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Discrete Integrable Systems - Introduction

HDKdV in fact an integrable quad-graph equation.
First appeared in 1970s — but active area of research in last
decade.
Various criteria for integrability:
@ Lax pairs
@ Consitency on a cube
@ Singularity confinement (discrete Painlevé propert y)

Rich theory but few known applications.
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Most authors study quad-graph equations with initial values on

a staircase
Q
o—90—9
@
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o O
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Step 2:

¢ o o

o—0—9 O
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Discrete Integrable Systems - Introduction

Steps 3,4,5,6,7,8,9,10:
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Discrete Integrable Systems - Introduction

Other authors interested in evolution in m
@ Either {u0}nez given with suitable conditions as |n| — oo,
want to find {up 1}nez, {Un2}nez, €tc. with same boundary
conditions.
@ Or {uno}to<n<n given with periodic boundary conditions
Uno = Upn and want to propagate this.
Much harder! But analogous to continuum KdV.
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Discrete Integrable Systems - Introduction

General types of question to ask for integrable quad-graph
equations:
@ Verify that properties of continuous integrable systems
have discrete analogs.
@ Find novel features that do not have continuum analogs,
and investigate origins and implications of these features.
@ Find useful discrete versions of familiar continuous
integrable systems for application, for example, in
numerical simulations.
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Discrete Integrable Systems - Introduction

This talk

@ Proof that lattice KdV has an infinite number of
independent conserved quantities (with Sasha Rasin,
2009, JPA) - a discrete version of the Gardner transform for
continuous KdV.

@ A comment on the family of equations related by Miura
maps to HDKdV/lattice KAV — larger than the analogous
family for continuum KdV because of a novel symmetry.
(Work in progress.)

@ “Full lattice KdV”, my own version of “discrete KdV"
(Nonlinearity 2003)
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Conservation laws of lattice KdV

Lattice KdV:

(Uns1,m+1 — Unm)(Unt1,m — Unmi1) = B — o

or
(U191 — Ugo)(U10 — Up1) = B —

Exercise: If u satisfies lattice KV, ul, = tnm — Un_1,m—1
satisfies HDKdV with C = Bl—a.
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Conservation laws of lattice KdV

Conservation laws of KdV u; = %Uxxx + 3uuy
A conservation law is an expression

0tG+ 0xF =0

that holds as a result of the equation. F, G functions of x, t, u
and a finite number of partial derivatives of u.

The first 3:
1 3
8l‘(u) + Ox <_4Uxx - 2U2) =0 :
1 1
Ot (uz) + Ox (—zuuxx - Zu,z( - 2u3> = 0
2
Ot <4U3 - U)z() + Ox (—9U4 - UX;XXX — % — 3UPuxy + 6uu)2(> =0
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Conservation laws of lattice KdV

A conservation law is trivial if it can be written in the form

F = Fo—of

where Fy, Gy both vanish as a consequence of the equation
and f is an arbitrary function of x, t, u and a finite number of
partial derivatives of u.

For KdV and for all equations of the form u; = ... it is easy to
recognize trivial conservation laws. Use the equation to
eliminate all t derivatives in G and see if the result is a total
derivative with respect to x.
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Conservation laws of lattice KdV

Béacklund transformation for KdV. If u is a solution so is u + vy

where
Ve = 60—2u—v?
v = —iy +(9+u)(0—2u—v2)+uv
t D) XX X
Check that

OtV + Ox <;ux—(u+9)v> =0.

So v is the G-component of a conservation law. And easy to
find formal expansion of v in powers of 6:

v = 91/2_L+ Ux _ Uxx +2U%  Usex + BUlix
B g1/2 " 29 403/2 802
Ugxxx + 8U° + 10U2 4 12uuyy 3

- 164572 +o(0°) .

Schiff Continuous and Discrete Integrable Systems



Conservation laws of lattice KdV

@ All the integer powers of 6§ give trivial conservation laws.
The half-integer powers give nontrivial conservation laws.

@ Straightforward to compute the coefficient of u” in the

. . 1_ . . . o
coefficient of #2~" and in particular verify it is not zero: so
there are an infinite number of nontrivial conservation laws.

@ Can this be done for discrete?
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Conservation laws of lattice KdV

Conservation laws for quad-graph equations. An expression of
the form
(Up— )G+ (Right— h)F =0

that holds as a result of the equation. F, G functions of n, m
and values of u at a finite number of lattice sites.

Trivial if
F = Fo—(Up—Nf
G = Gp+ (Right — )f

where Fy, Gy both vanish as a consequence of the equation
and f an arbitrary function of n, m and values of u at a finite
number of lattice sites.
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Conservation laws of lattice KdV

We say a conservation law is “on the (horizontal) line” if G only
depends on the values of u for fixed m.

In general there is no easy way to recognize trivial conservation
laws in the discrete case. But a conservation law on the line is
trivial if and only if G = (Right — /)f for some f on the line.
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Conservation laws of lattice KdV

Showing lattice KdV has an infinite number of conservation
laws on the line:
Start from the Backlund transformation u — & given by

(Too — Uo1)(Uoo — Up1) = 6—0,
(Uoo — U10)(Ugo — Uto) = 0 — .

Two trivial solutions:

=« Ugo = U1

0=p Uoo = Upf

Expand around the first: § = « + ¢,
Ugo = Uy + Z V(()Qei .
i=1
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Conservation laws of lattice KdV

Find ]
(1)
V. =
00 Upp — U2o
and for i > 1
(i) 1 & L) =)
Vol = %
00 — Uoo—Uzol 1 Yoo V1o

All these formulas are “on the line”.

Can we write a “universal” conservation law in terms of &7 as in
continuum case? Turns out that we can:

F = —In(lgo — Up1) , G=In(loo — uy0)

Expand these in terms of e:

[e’e) [e’¢)
i i
F:E Fie', Gzlne—t—g Gije
i=0 i=0
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Conservation laws of lattice KdV

and find ....
Fo=1InB
Go =InAy ’
Fi = —BA,
Gi = AvA
Fo=—A2A 1B+ JAZB?
Go = AcA3Ar + SARAZ
{5:_%@53_ﬁ£5+@m¥—;£9

tc.
Gs = AgA2A2Ag + A2A3 Ay + AgA3A + TA3A3 ©F

where

Ci—o0t2... B!

A:mm« -
' ¢ U1o — Uo1

Uoo — Uzo)
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Conservation laws of lattice KdV

Independence easy using a homogeneity argument.
What about nontriviality? Use a simple continuum limit: In

(u11 — Uoo)(U1o — Ugt) =B —

Set
Ugo = U(x, 1) Uio = u(x + h, t)
Upt = u(x,t+ h) uig = u(x+ h,t+ h)
a=a(h) B = B(h)

and do h — 0 limit to get eikonal equation

> 2 _ o B(h) —a(h)
Goti=C. O M T
Easy to check nontriviality of conservation laws in limit for this
equation.
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The lattice KdV family

The KdV family: Equations related to KdV:

KdV Ut = %UXXX + 3UUX

u=by=(nr
PKdV b[’ = %bxxx + %b)z( _ L;( ( )XX
Hirota 4(7xt7 — TxTt) = TToox — 4ToxTx + 37‘3x T
ey v %UXXX - Suty 1 1,2 _ 1 [ Qex 3 Gxx
MKdV VIZ%VXXX_%VZVX U—va—gv _Z(E 2?)
PMKdV h; = %hxxx _ %hﬁ v=nhy= %

2 —

UKdV g =1 (qux - %%) h=1Ingx
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The lattice KdV family

The latter “tower” arises from the fact that KdV is the
consistency condition for the linear system

77Z’xx = —2U77Z)
1
Yy = _Euxw + Uy
This has two linearly independent solutions 1, 1o only

determined up to the obvious action of GL(2). Eliminating u,
both satisfy

3 xPxx

4 o

Easy to check g = :ﬁ‘ satisfies UrKdV — only determined up to
the obvious PSL(2) action. Passing from gto hto vto uis

equivalent to modding out by the PSL(2) action, one dimension
at a time.
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The lattice KdV family

HDKdV ’ ’
= C(ujp— U
0 oy (u10 — Up1)

Numerous other equations in the literature related to this by
Miura maps (or Backlund transformations) — we have seen
lattice KdV (analog of PKdV).

HKdV is the consistency condition of
1
Y20 = oo+ < + CUoo) Y10
Uig

Yo1 = — — 1o

There are two linearly dependent solutions of this system,
¢ (), only determined up to the obvious GL(2) action.
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The lattice KdV family

@ Both (") (2 satisfy
(vo0 + ¥11)(Yo1 + ¢10) = —Crboot10

— analog of PMKdV. A solution of this gives a solution of
HDKdV via
Yoo

~ Yot + P10

@ Vo = % satisfies a complicated quad-graph equation,

analog of MKdV. There is a ) — v — u tower.
(1)
@ qu = % defined up to the obvious PSL(2) action,

Uoo

00
satisfies the cross-ratio equation

(900 — 910)(qo1 — G11) —C1
(900 — 901)(q10 — G11)
But this does not sit at the bottom of the tower.

Schiff Continuous and Discrete Integrable Systems
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Why not?

HDKdV ] ]
— ——=C(ujp—u
Uy Too (U10 — Uo1)

has an extra (continuous) symmetry

AUpm N+ Meven
Upm — 1 dd
XUnm n+mo

Under this symmetry ) transforms via

Do — VAUnm N+ meven
nm %wnm n+ modd

But g = % is an invariant! So it is not possible to build ¢ or u
out of q.
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The lattice KdV family

It is possible to mod out the extra symmetry. Define

. 1-— CUO0U10

Unn =
00 1+ CUO0U10

A simple calculation shows that U satisfies the Levi-Yamilov |
equation

(Uio + 1)(Uoo — 1) = (Up1 + 1)(Us1 — 1)

Similarly, modding out PMKdV by the new symmetry yields LY
Il.

Further, there is a Miura map from the cross ratio equation to
LY Il and to LY I.
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The lattice KdV family

HDKdV  — LY I
T
PMKdV T

1
PDMKdV — LY II

!

cross ratio eq
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Full lattice KdV

(J.S. Nonlinearity 2003)
The linear system for which KdV is the consistency condition
(Lax pair) arises via “dressing” of the simple linear system

0 1
axu_<A O)U
atuzx(g E))U

The Lax pair for Lattice KdV arises via dressing of the discrete

version
0 1
Unitn=(10( 5 5 )) Uhe

0 1
Un,m+1:<l+k</\ 0>) Un,m
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Full lattice KdV

A more “useful” discrete, integrable version of KdV should arise
via the dressing procedure from the system

0 1
Ut = (140( 3 5 )) U
0 1
Unmy1 = (/+k/\< \ 0>>Un,m

It works, but the system is complicated: Three fields b, 5, A:
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Full lattice KdV

ﬁn+1 o+ ﬁn o= bn+1 m+ bn+1 m+f1) bn,m - bn,m+1

‘|‘(bn+1,m+1 - bnm)(bn,m+1 - bn+1,m)

An+1,m + An,m =
— h
(W) < 1+ 3 (bn+1 m+1 + bn+1 m bn,m+1 - bn,m))
Bnt1,m — Bn,m bn mi1 + bnrt.mr1 — bam — bnp1m
h k
\/1 kz(An+1 m n+1 m \/1 + kZ(A%,m + 52,”1)
Thk2
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Full lattice KdV

Do normal continuum limit

bnym == b(X, t) bn+1’m == b(X + h, t)

Take h, k — 0 limit to get
20=2bc, 20=-Py., 2By = (A2 +F)x.
Eliminate 5 and A to find PKdV

1 3
bt — bexx + éb)z(
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Full lattice KdV

Could be implemented as a numerical method. But more
significant is that we now have the tools to find the conservation
laws of this discrete system and compare them against the
continuum conservation laws. To date there is no known
numerical method for KdV that has bounded errors in the first 3
conservation laws, this may provide it.
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Thank you

Thank you for listening!
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