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V vector space over K, endowed with g € lin-Hom(V x V,K).

veV, gv,v)= Q)

A unital associative algebra.

~v:V — Alinear.
A

The pair (A, ) is a Clifford algebra with respect to (V, g) if A is generated by
{y(v)|ve V}e{als|acK}and

Y(V)r(u) + 7 (u)y(v) = 2g(u, V)14

In orthonormal basis {e;} € V
ee; +eje; = 2g(ej,e))1 = 2g;1.

The definition of the Clifford algebra reads:

Cl{(V,g) ~ Alg(e;) mod e;e; = 2g;1 — eje;.




I={XeT(V)|IX=Lo(vev—g(v,v)I)eM, LMecT(V)}
"Square law’ of Clifford algebras.

coV,g) = @




Classification

C£p+1,q+1 =~ C£1,1 ® Cgp,q

Clgrap ~ Clzo®Clpg
Clgpie ~Cly2 @ Clpq

Clpgrs >~ Clpq®Clyg (Atiyah-Bott-Shapiro)

p — qmod 8 0 1 2 3
Clo.g ME7AR) | MmE7A RS | mEAR) | mEYE, Q)

p — qgmod 8 4 ) 6 7
Clp.q M@/ my | mel/A-1 R)@2 M@= my | M3 o)

ClV,9) ~ M(k x k,L), whereL=R,C,H,LRG& R, H¢ H




Arbitrary Gradings

Let B: V x V — R a bilinear form, and then B = g + A, where AT = —A and

g =g
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Arbitrary Gradings

we could define

The pair (A, ) is a quantum Clifford algebra with respect to (V, B) if A is
generated by {y(v) [ve V} e {al4 | ac K} and

Y(V)y(u) + y(u)y(v) = 2B(u, V)14

it would imply that B = g is a symmetric bilinear form !!!



Arbitrary Gradings

B-dependent Clifford product uy of two 1-vectors u and v in C¢(B, V) can be
decomposed in (different ways) into scalar and bi-vector parts as follows

uv=u, v + UAV Hestenes
g

qu =u 2 V+UAV Oziewicz, Lounesto, Abtamowicz, Fauser,

where UAV =U AV + A(U,V) =UAV+U_aV.




Arbitrary Gradings

Clifford product

Givenu € V and ¢ € A(V)

up) = u 3 ¥+ uAnt (Standard Clifford product)
uy = u 2 ¥+ uAy (arbitrary Clifford product)
B
Uy = Ul + Uiy
B g

where UAV =U AV + A(U,V) =UAV+U_aV. J




Arbitrary Gradings

Y(u)y(v) +y(v)y(u) =29(u,v)1.

In the anticommutation relation only the symmetric part of B occurs.
However, the anticommutators are altered

F(Uu)y(v) — y(v)y(u) =2uAv+2A(u,v)1.

The Z,-grading depends directly on the presence of the antisymmetric part.
Two different GraBmann algebras! One is Z,-graded while the other is not!
UAV =U AV + A(u, V)
UAVAW = U AV AW+ A(u, V)W + A(V,w)u + A(w, u)v
etc.




Arbitrary Gradings

Dual Space

T: V-V
T(u)(v) = uv = B(u,v).

Dual isomorphism 7: A V — A V*.

The Clifford algebra C¢(B, V) is then constructed: v& : A V — A V for any
uc Vas:
'yui =u . + UA-

So, the 3 equivalent definitions in C¢(V, g) are not equivalent in
Ci(V,B).



Theorem

[Ablamowicz, Fauser, 99]

Theorem: C/(V, B) = C4(V, g) as Z,-graded Clifford algebras.

F . 1 n _ 1 1 n
el .:Zm/\ F=1+F+ FAF+ ot AT F 4

Isomorphism ¢ given as:

ceVv,B) ¢~'(CUV,9))
et ACUV,g) A e

(cev,g),<.>")

1

where < . ># denotes the A-dependent Z,-grading uAv = u A v + A(u, v).
Us- — Us-=us-+ (UusF)A-
B g

UA- +— UA-




Theorem

Given ¢ € C¢(V,g)andu € V
i) exfanel =1,
i) exfrunei Ay =uny,
fii) eXFA(UQ(eiAw)):ngwHuéF)Aw,

Given u,v € V, every antisymmetric bilinear form can be written as

A(u,v) := FJg(u AV)

where F € A?(V) is an appropriately chosen.

Wedges are not altered and the new contractions are given by

u. - u_
B g

'+(U3F)/\~

Gradings are mixed. It preserves the parity: Z,-graded isomorphism.




(No) Periodicity Theorems

Let Vp,g = (V,9p,q), g = diag(1,...,1,—1,...,—1).
Vio,g = Np—1,g—1 Lg My 1 Witt theorem

Clifford map 7 : Vp,q — Clp q, its natural restrictions
vt Np—1,g-1— Clp_1,4-1,7" : My 1 — Cly 1, Periodicity Theorem:
Cgp,q ~ Cfp_17q_1 (024 061,1 .

Restrictions of the isomorphism ¢~'|y and ¢~ |4, calculate the
decomposition of C4p 4(B):

Clpqe(B) = ¢_1(C£p,q(g))
= ¢ '[Clp-1,4-1(gIn) ® Cl1,1(g|m)]
= Clp—1,4-1(BIn)(¢™'®)Cl1,1(Blm)
= Clo_1,61(B|n) ®y-1 Cl11(Blm).




(No) Periodicity Theorems

The (deformed) tensor product ®,—1 is not braided by construction: no
restrictions on ¢~', a priori.

(cvwaDo(l®cuw)o(cuy®l)#(I@cuv)o(cuw®!)o(l®cyw)

where
cuw:UW—- WV

Quantum Clifford algebras do not come in general with periodicity theorems
as e.g. the famous Atiyah-Bott-Shapiro mod 8 index theorem.




Hecke Algebras

Let < 1,eq,...,e2, > be a set of generators of the Clifford algebra C¢(B, V),
0, if1<i,j<norn<ij<2n,
q, ifi=j—nori—1—-—n=j,
Bj=< —(1+q), ifi+1=j—nori=j+1-n,
-1, if i—j—n>2andi>n,
1, otherwise.

For example, when n = 4, then

0 0 0 O q —-1—gqg 1 1

0 0 0 0 —-1-—q q —-1—q 1

0 0 0 0 1 —-1—-q q —-1-—q
B— 0 0 0 O 1 1 -1—gq q

1 1 -1 -1 0 0 0 0

qg 1 1 -1 0 0 0 0

-1 qg 1 1 0 0 0 0

-1 -1 q 1 0 0 0 0




Hecke Algebras

Hecke Algebras

‘bi = ei/\ei—i-n‘

b2 = (1-q)bi+g
b,'bj = bjb,‘, |i—j| > 1,
bibiy1bi = bjt1bibjtq.

Hecke algebras !




Conformal Maps in quantum AC

Conformal Maps

Forn=p+qg <5,

Spin(p, q) = {¢ € Cly, | po = 1}
Spin(2,4) = {¢ € Cls1 | oo =1}



Conformal Maps in quantum AC

Conformal Maps

o Clag CO
Clzo Clag

Isomorphism Cés 1 ~ C ® Cly 3 ~ M(4,C)

[[_Conformal Map | | Matrix of $pin (2, 4) ||
. ( 1 h )
Translation X—x+h heR®R 0 1
- N/ 0

Dilatation X+— px, pER ( 0 1/\/5

Rotation x— gxg~', g € $pin, (1,3) g 0

gxg g pin (1, 0 g

ver _ 0o -1
nvertion X — —X 1 0

1 0

Transvection X — X + x(hx + 1)*1 , heR® RS h 1




Uq(s0(3,2)), x-Poinc

Generators of Conf(1,3) are expressed

1 ) 1 ) ) 1
Pu = E(’Yu +ivps), Ky = *5(7# — ivu7s), D= 5/’}’5, My = 5(’71/ B (1)

They satisfy the following relations:

[Pu,Pv] = 0O [Kus K] =0, [Myv, D] = 0,
[Muv, Pl = —(9uxPv — 9uaPu),
[M,“,, K)\] = _(gu)\KV — GuaKyu),
[Muv, Mop] = gupMuo + gvoMup — GuoMup — gvpMyo,
]

= z(guuD— Muu)w [P;m D] = P;m [K}A?D} = _K}L'




Uq(s0(3,2)), x-Poinc

ce(v,B) =ef cov,g) e F

[Pu, Pl

[K3, Pol
[Ks, P1]
[K+, P2
[K+, P1]
My, M_]
(Kt K]
[K+, Ks]
My, K]
M, K£]

M+, K3]

r-Poincaré algebraic sector is presented by the following commutation relations:

0 = [Mj;, Rol, [ejkMijs Pel = i €jerPr
1

i ) i )
5“/3(1 +ivs),  [K3, Pl = ?Vzvsﬁ + ivs),

[P3, Ka] = — (1 + ins) — ir sinh (1
K

li
2K

i : 1 ] .
Z“/s”ﬁ“ + ivs), [K+, Po] = E($W2 +iv1)(1 + ivs),

+ o7 1
Fir sinh (w) £ —3(1 +ivs)
K 2K
.. Yo + iv075 i ) 1 ) )
irsinh (0E00%) _ Log(1 4 ing),  [Ke Pol = Fp- a0z F in)(1 £ i)
K 2K 2K

1 1 ;
PYARAND [M12’Mi]:i573(71 =+ iv2)

+i (ot
70 WOV5)7SInh</0 vovs)

—~1 A 72 cosh (
K

K

7 : ) : ; )
=5l 2= 4*0(1 + iv5)v3(v2 — iv1) (07 + 173 A vz + iv)(1 + ivs))
K

4+ —
8k

[Mi2, K3] = 0,

1 ) ) 1
:Fg“/sﬂ +iv1v2)(1 F 1) +ivs), [Mi2, K4 ] = :FE(“M

j .. ,
(Fr+ 50 F D0 = 172) A ) (1 = F15) + 5 (Fn A 2 2 Da(1 + )

i : 1 ) : i : )
¥5(W1 Liv2) Ao £ 87”(“/1 Av2)(v1 + iv2)(1 + ivys) + E(vz F iv1)(1 + ivs).




Uq(s0(3,2)), x-Poinc

Hopf sector the Clifford-Hopf alge

@ unit mapn : K — Ce(V, g).

@ Co-product A : C£(V, g) — Ce(V,g) ® C(V, g)
@ Co-unite:ce(V,g) —» K
("]

Compatibility of the algebra and the co-algebra structure:
e(ld) = 1, e(1p¢) = e(¥)e(d)
A(ld)=1d®1d, AW)=¢QU+Id® ¢, A(Ye) = A(p)A()-

Define also the antipode S : AP(V) — AP(V) as S(tpp) = (—1)Papp, where 1p € AP(V) C A(V).
antipode = graded involution.

(A(V), 9,7, €, A, S)is is the Clifford-Hopf algebra.

@ All axioms for a Hopf algebra are satisfied, together with the antipode axioms:

Ao(S®Id) =noe, ANo(ld® S)=mnoe

@ Since $?2 = 1d, the Clifford-Hopf algebra is Z,-graded co-commutative.




Uq(s0(3,2)), x-Poinc

Conformal Maps

@ x-Poincaré algebra obtained via Ug(s0(3,2)) + quantum de-Sitter
contraction.
@ quantum AC — deformed anti-de Sitter algebra U4;(s0(3,2)).

@ SU(2,2) ~ Spin(2,4) = Spin+(2,4)(g), and by the Wick isomorphism
#(Spin.(2,4)) = Spin(2, 4)(B), the k-Poincaré algebra and also the
Hopf-algebraic structure are obtained...

@ DSR

...in full compliance with
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Uq(s0(3,2)), x-Poinc
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Thanks to everyone at SIS 2010 !!! J
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