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INTRODUCTION/PLAN

Fuzzy spaces provide approximations to a differential manifold in terms

of finite-dimensional matrices. What can they tell us about gravity?

@ Fuzzy spaces-quantum Hall effect connection
@ Extending the quantum Hall effect to higher dimensions, primarily to CP*
o Lowest Landau level as a fuzzy space, copy of CP¥
* Dynamics for the lowest Landau level
» Bulk dynamics = Kéhler-Chern-Simons action
» Edge dynamics =—> Generalized WZW action

@ General result for the large N limits of the Chern-Simons one-form

/ AtTeDy = Scs(Ao, Ar)

Matrix model Continuous field theory

Ap, A; parametrize the different large N limits
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INTRODUCTION/PLAN (cont'd.)

Comment on relation to Bergman metric

Gauge fields correspond to gauging of isometries = gravity
Evolution of states for space ~ evolution of states for matter
Fuzzy spaces lead to Chern-Simons gravity (almost unique)

Gravity arises as an optimization: How do we choose the “best” large N limit to simplify

the dynamics of other (matter) systems?

Comment on how Minkowski signature can arise
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QHE-Fuzzy SPACE CONNECTION

@ Fuzzy spaces can be defined by the triple (Hy, Maty, An)
® Hy = N-dimensional Hilbert space
® Maty = matrix algebra of N x N matrices which act as linear transformations on
Hy

* Ay = matrix analog of the Laplacian.

In the large N approximation

® Hy — Phase space M

® Maty — Algebra of functions on M

* Apn — needed to define metrical and geometrical properties.
@ My = (Hy, Maty, Ay) defines a noncommutative and finite mode approximation to
M.

@ Quantum Hall Effect on a compact space M, lowest Landau level ~ Hy

Observables restricted to the lowest Landau level € Maty
@ Can we utilize this to study fuzzy spaces by analyzing QHE?
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A SIMPLE FUZZY SPACE S%

@ Consider the (n+ 1) x (n+ 1) angular momentum matrices J%, n = 2j

@ Define
xo— I
ViG+1)
@ These obey
XX =1

@ Functions of these matrices are functions of 1, X4, X(@x — 1590 ...; there are (n + 1)

independent functions for a basis.

@ This agrees with

n

f() =" fin¥m(0,0), D (1+1) = (n+1)?
0

0

@ Further, when n — oo,
Xc
[X“, Xb] ie“bc )

ViG+1)

V.P. NAIR Landau Levels & Fuzzy Gravity August 26, 2010



LANDAU PROBLEM ON CP¥

@ Hu anp znane introduced QHE on S* where the background magnetic field = SU(2)

“instanton”
@ We will start by generalizing to arbitrary even dimensions
@ QHE on CP* (U(1) and SU(k) background fields) (KarasaLI, NAIR)

@ CPFisgiven as
~ SU(k+1) SU(k+1)

cet Uk)  UQ) x Su(k)

@ This allows the introduction of constant background fields which are valued in

U(k) ~ U(1) & SU(k)

@ Useful comparison:

Minkowski = Poincaré/Lorentz
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LANDAU PROBLEM ON CP!

@ Since CP! ~ §? = SU(2)/U(1), start with choosing g = exp(io - 8/2) € SU(2) as

coordinates for the space (and a gauge direction).

@ Wave functions are given by the Wigner D-functions
Diia(8) = (. mlexp(iT - ). 5)

subject to a condition on s.
@ Define right translations as R, § = g ta.

@ The covariant derivatives D+ = iR+ /r. Since

2R,
[R+,R_]:2R3 — [D+’D_]:—r_23

we must choose R; to be —n for the Landau problem.

@ This corresponds to a field a = in Tr(3g~'dg).
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LANDAU PROBLEM ON CP' (cont'd.)

@ The wave functions are thus

Um(g) ~DY_(g)

@ Choose the Hamiltonian as

1
H=——|[R+R_+R_R
e [R4+R- + +]

@ The left action

Laog=1tag
commutes with 7 and corresponds to “magnetic translations”.

@ The lowest Landau level (LLL) has the further condition (holomorphicity condition)
R_Wn(g) =0

@ LLL states also correspond to co-adjoint orbit quantization of a = in Tr(3g~1dg).
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QHE oN CP¥

@ On CP¥ one can have “constant” background magnetic fields in U(1) or U(k) (field
strengths ~ Riemannian curvature ~ U(k) structure constants)
CPF = SU(k+1)/U(k) ~ SU(k+1)/{U(1) x SU(k)}
@ Parametrize using the (k + 1) x (k + 1) matrix, g € SU(k + 1), with g ~ gh, h € U(k)

@ The constant fields correspond to

.| 2k -
a=in Tl Tr(to 018 ldg), U() field

A% =2itr(t*gdg), SU(K) field
/ta cSuU(k), a=1,--- k¥ -1
Witz C UM
ta C coset tyg, 1
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QHE ON CP* (cont’d.)

@ Wave functions form SU(k + 1) representations; expressed in terms of Wigner

D-functions
v ~DYh(g)=(L|§IR)

quantum numbers characteri IZIIlg states in /- representatlon

@ Abelian case (U(1) background field)

Under U(l)g: a—a-— ﬁdb’
Under SU(k)r: a—a
N nk
Wi~ (m R.=0,R [ e —
m~ (m|g|Ra K242k 2k(k+1)>
m=1,---,dimJ SU (k) g singlet with fixed U(1) charge
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QHE ON CP* (cont’d.)

@ Nonabelian case (U(k) background field)

A¢ transforms under SU(k)p — wave functions carry SU(k)g charge

WG~ m|g|R
m=1,-- ,dim](_/ SU(k)g repr¥J’ with fixed U(1)g charge
a’ internal gauge index=1,--- , N’ = dim J’

@ The Hamiltonian can be taken as

k

1
H = IMRE ZR_HR 7 + constant
_ 1 SU(k+1) SU(k) n?k
T 2MR? [ - un - 2(k+ 1)]

@ For the lowest Landau level, R_;¥ = 0 (holomorphicity condition).
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LLL HILBERT SPACE

@ In the Abelian case

¥ € symmetric rank n representation J
(n+k)! nk

_arr

nlk! k!

@ These are coherent states for CP¥

@ Think of CP¥ as a phase space, quantization leads to the finite dimensional Hilbert space

of LLL states.
@ LLLof CPFwith U(1) = “fuzzy” CPF
@ In the large N limit, matrices which are operators on LLL states become functions on CP*

@ This gives an approach to building smooth spaces as large N limits of finite-dimensional

Hilbert spaces

@ Asimilar story for the nonabelian case.
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MATRIX FORMULATION OF LLL DYNAMICS

@ The LLL has N available states, K occupied by fermions, 1<« K < N

@ Form a QH droplet, specified by the density matrix: gy = Z{;l [i) (i,

1

po = 1

@ Under time evolution: py — p = UpyUT
U = N x N unitary matrix: ”collective” variable describing all LLL excitations

@ The dynamics is given by

S— /dtTr [ib0 U0, — UtV O]
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MATRIX FORMULATION OF LLL DYNAMICS (cont’d.)

@ This leads to the evolution equation for density matrix

dp
_—= V )
iy =V, 7l

(No explicit dependence on properties of space on which QHE is defined, abelian or

nonabelian nature of fermions etc)

@ The symbol for a matrix is

. 1 . .
Xxn = 5 D V(X)X (1) ¥ (X)
m,l
Xalbl(f’ t) - %Z\P%(f)xml(t)q,fb/(f)v a’,b’ = lv"'N/ =dim]/
m,l

@ We seek a simplification at large N in terms of the symbol for U.
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MATRIX FORMULATION OF LLL DYNAMICS (cont’d.)

@ This utilizes the usual rules,
p0, U,V = po(),UF 1), V()
—— —_
(N x N) matrices Symbols
Matrix multiplication * product

=
Trace operationTr —> N [dup

(OIOZ)symhol = O (27 t) * 02(27 t)
@ For example, the star product can be written as

A(g) + B(g) Z(l[ S)'] SRR, A

n!s! L . ilip!- - 4!
it tig=s 12 k

x 1R, R" B(g)
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EDGE & BULK EFFECTIVE ACTIONS

@ Bosonic action can be written in terms of G € U(N’)
1 .
_ T i T
S=on T [(6'6+wGtea) 6eg]

+$ /DTI-[_d (iAalGGT + iAG*dG) + % (GTdG)S] (%)H

WZW-term in 2k 4+ 1 dim

L % Q1 lfijing = covariant derivative along the boundary droplet

@ In the presence of gauge interactions

S = N/dtdutl‘ [ipO*UT*BtU—po*UT*(V—I—.A)*U]
= Sedge + Spulk
@ Invariance under U(N) rotations §UJ = —iX U implies that S is invariant under

§U=—ixx U
SAE ) = OAF, ) —i (A% (V + A)—(V + A) * A)
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EDGE & BULK EFFECTIVE ACTIONS (cont’d.)

@ We need the above transformation to be induced by

JA = OA+I[A+ANA]

A

function(A,, A, V)

A = function(A, A,u, ) A}L)

i . 1 o1 .
A=4 - ﬂg” [4i, 2D;Ay — OoA; + i[A;, Aol] + R(Q YI{A;,2D;A0 — BoAj + i[A;, Aol}
. P 1 .
+u'A; — ﬁg’] [A;, Al Oju* + E(Q_I)U{Ai: Aiyojuk
i g . -
=5, 8" [Ai, 2DjA, — DiAj + ilAj, A + 2F ] uk
1
4n

1 4
+mg1k(ﬂ l)ﬂ ('DiAj—l—Din)VkalV—|—~-~

+— () {Ay, 2DjA, — DAy + ilAj, Al + 2Fy yut

e
where u' = % (Q"1)76;V
@ Relation between .A and A is essentially the Seiberg-Witten transformation

V.P. NAIR Landau Levels & Fuzzy Gravity August 26, 2010 17 /32



EDGE & BULK EFFECTIVE ACTIONS (cont’d.)

@ Suge ~ Swaw(AL=A+ A, AR = A)

= chirally gauged WZW action generalized in 2k (B(droplet) + time) dimensions
@ The bulk action is

(~Dk+!
Sbulk = W/tI[A (—nQ)k

+’§“ ((A+A+ VYA(A+A+ V) + %i(A—f—ZH— V)3> (—ne)k-1

D (s maas 2+ Zas a2 ) avnm2 4

(KaraBALI; both Seqqe and Spyyy related to the KCS actions of Nair, ScHiFF)

@ The bulk action is a CS action, S ~ S (A)

A= (Ay + V,a; + A; + A;) =background + fluctuations
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EDGE & BULK EFFECTIVE ACTIONS (cont’d.)

@ Gauge Invariance = Anomaly Cancellation

Jsedge #0, 6Spux #0
ésedge + 0Spui =0

@ The edge action for S case obtained by using the fact that CP? is locally S* x CP!.

@ The excitations do not have Lorentz invariance

The bulk fields are gauging the isometries of the space; hence they

should be interpreted in terms of gravity on the fuzzy space.
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A GENERAL RESULT ON LARGE N

@ A deformation of background is of the form
Q= Q+F

@ C(lassically, we can ask: Dynamics given by (H, Q + F) equivalent to (7, 2)?
@ In quantum theory, the Hilbert space for 2 + F is the same if the characteristic class of

is unchanged; for example, in two dimensions if

/Q+F:/Q

@ However, the wave functions can be modified. This leads to new symbols
X(%t) = % > Un(E,A) X (1) 7 (X, A)
m,l
@ Introduction of background fields leads to new wave functions, new symbols, new large
N limit or, turning this around, large N limits can be labeled by possible background
fields.
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A GENERAL RESULT ON LARGE N (cont'd.)

@ The change due to change in A can be obtained in two ways:

© Work out changes in ¥, (X, A) and the corresponding changes in the symbol
OR

® We can write a general matrix function as sums of monomials of the form
K = K##2#n D, Dy, -+ - Dy,

and work out changes as we shift D — D + §A

(K = Dy wil be needed for the effective action.)

@ For a shift of D, we can write
(SDIL = % fa[DOHDIL] + [DarDu]ga

£ =D\ ), £ = (@) Dy, Qv = [Dy, D]
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A GENERAL RESULT ON LARGE N (cont'd.)

@ For the change of K under a shift of D,,, we get

6K = 1[01K+5K]
n—1
51K = €*[Da, K]+ > Duy--Dyy_, [Duy, §][Dar, KH1-145]
k=1
~ 2 ~ ~
6K = [K,Dut* +Z[Kﬂk"'unyDa][fa,DMk]DHk+1»--Du"
n

@ The K#*1---#k are determined iteratively by recursion rules

K* Q71" [Dx, K] = (271)* Dy [Dy, K]

KH

(71 [Dy, K] = (71)"* Do [Dy, K#°]

And similarly for K#t:-#n,

August 26, 2010
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A GENERAL RESULT ON LARGE N (cont'd.)

@ The bulk action is given by
S = il (,30 Ut Dy U)
— T (,30 ita, (7) —Tr (ﬁo Ut A, f])
where we can take gy = 1.

@ For example, for CPP', the variation is given by
88 = iTr(pod Do) =~ Tr[6D,, (2~ H)*V E, )

Integration of this will give the action.
@ We take the large n limit, taking a background U(1) field (corresponding to the

symplectic form) and fluctuations which may be nonabelian. i.e.,
O lrxw l—w R 4.

F is the fluctuation from the background value w.
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A GENERAL RESULT ON LARGE N (cont'd.)

@ There is also a change in the symbol of a product,
(AB)g = (AB) — } Tr [w=1)#" Fu, (AB + BA)]

@ The effective action becomes, say, for CP?,

6S = /detw

— 1 Tr [6Aa (FgoFuv + FuwFao)](w™ )P (w1

3 Tr [0AuFyo + FodAu)] (w1

— 1Ty [5Aa (Fao Fyw + FuuFﬁo)][(w‘l)a“(“’_l)”ﬁ]

@ Integration of this leads to the action

»
Il

/ [w AwAA+wA (C.8)® + %(C.S.)@}

= Scs(A), A=a+A, da=w
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A GENERAL RESULT ON LARGE N (cont'd.)

@ The general result is

X

S2k+D)

i/dtTr(DO) wcs (@a+A)+---, asN — oo

X

SEH (a4 A)

(For the Abelian case, this is related to Moser’s lemma.)

@ The latter form is background independent, just like the matrix action Tr (ﬁo UtDyU ) .
The expansion of the matrix action in terms of different backgrounds is obtained, in the

large n limit, by expanding the CS action around the corresponding gauge potentials.

@ This is a general matrix result, the CS one-form can generate all the higher CS forms as

appropriate large N limits

@ Before we turn to gravity, we comment on how this is related to the Bergman metric
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A COMMENT ON THE BERGMAN METRIC

@ The density p can be written in terms of the wave functions as
. D Um(E,A)T5,(X,A)
P = N — m\4, m\-
@ The Bergman metric for Kéhler manifolds is given by
—Los10
§= " gp

The expansion of this in powers of curvatures is important for approximating Einstein

metrics for Kdhler manifolds, for example, for Calabi-Yau manifolds in CP*,

@ Tian, Yau &ZeLpiTeH and Lu & CaTLin derived the expansion

R 1 1 1 1
p~wk +wk*15 + Wkt (gAR-i- ﬁ\RiemF - é|Ric|2 + gRZ) 4o
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A COMMENT ON THE BERGMAN METRIC (cont’d.)

@ More recently, Dal, Liu & Ma ands Ma & MaRINEscu obtained
R .
prwk 4wkt (EIE+ lRE> + e

@ These results (and some higher terms) are reproduced by our results by taking

48
p= 540
and expanding around w.

Can we systematize this?
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GRAVITY ON A FUZzY SPACE

@ The gauge fields in
i/dtTr(Dg) = S(CZSkH)(a—i-A) +--+, asN — oo

lead to gauging of the isometry group SU(k + 1) of CP¥, so a natural interpretation is in

terms of gravity

We will take an approach of starting with the Hilbert space of (Matter
+Gravity), an already quantized theory, and extracting the notion of

continuous spacetime in the large N limit.
@ Hilbert space H = H;s ® Hm, general state
A r

Correspond to “space” Correspond to “matter”
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GRAVITY ON A FUZZzY SPACE (cont’d.)

@ For Dy, make an ansatz
(A, 1|Do|B, s) = 8,5 (AIDS”|B) + (A, r|D{™ B, s)

<A7 r|p0|B7 S) = 04B <r|p0|s)
@ Ay (or H) specifies the choice of matter system. For spacetime, the geometry is not a
priori determined
@ D) should be regarded as an arbitrary matrix

@ Entropy of de Sitter space, e5 ~ exp(1/A) = There are states in the Hilbert space

representing pure space
@ Dynamics of space should be treated exactly as dynamics of matter

@ Action, as for any quantum theory, is given by
S= i/ dt Tr(p UT Dy U)
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GRAVITY ON A FUZZzY SPACE (cont’d.)

@ Optimize the choice of large N limit = Extremization of the action (with respect to

Dé”) to determine the “best” background.

@ Ifwe ignore all matter degrees of freedom as a first approximation, the action becomes
S~i / dr Te(DY)
@ For large number of states, the action is effectively Scs. Thus,

Fuzzy spaces (Matrix models, QH model) =—> Chern-Simons gravity

@ Indications of CS gravity action in M-theory

@ Asan example, take a large N limit which leads to the 7-dim. CS action, starting with
CP® x R

@ Gauge group ~ U(4) ~ SO(6) x U(1)
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GRAVITY ON A FUZZzY SPACE (cont’d.)

@ Choose M7 = M?® x §%, with Fy(1y = lw, where w is the Kéhler form on S2.

@ The effective large N action is

1 3 3
S = —i Tr(AdAdA+ A% dA+ ZAD
12471'2/r( *3 *s )
— 1 b b
A = _Pheldxt + L]%wab dxk

0(6)/0(5) / \ o(5)

@ Euclidean de Sitter space is a solution

@ Afurther choice €2 = 1, w5 = 0,wf =0, fora, b = 1, ..., 4, leads to the Einstein action

in 4 dimensions,

S— li/\/gd‘*x(R—sA)
167
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GRAVITY ON A FUZZzY SPACE (cont’d.)

@ This is similar to the McDowell-Mansouri formulation of Einstein gravity.
@ Key points to be clarified:

* How does Minkowski signature arise?

* How is (quantized) matter coupled to gravity?
There are partial answers to both, but details are yet to be worked out.
@ Itisnot clear if we will have holography.

@ There is no issue of quantizing a classical theory of gravity, we start with the Hilbert

space.

@ Spacetime is nothing more than a convenient framework for formulating matter

interactions.
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