INTERNAL STRUCTURE OF STRING VACUA:

from NON-geometric susy to NON-supersymmetric geometry

work with D. ANDRIOT, M. GRANA, E. GOI, M. PETRINI and D. WALDRAM



SUPERSYMMETRIC COMPACTIFICATIONS WITHOUT FLUXES

10D string theory on ds?, = ds3(My) + dsZ(X)

e SUSY = covariantly constant spinor

)
o real two-form J

o & q{ ¢ complex three-form Q (¢ (X) = 0)
o JAQ=0anddJ =dQ2 =0

\

e X -is amanifold of SU(3) holonomy - CY ( Kahler with ¢;(X) = 0)

o B: Im(ee 7)) =0
o Al Im(e“QAFH =0
o mirror symmetry: A < B

D-branes
(calibrated submanifolds with stable bundles)



SUPERSYMMETRIC FLUX BACKGROUNDS

10D string theory with

e the fluxes:
{ NS 3-form: dH =0

RR (even/odd - IIA/B) : FU9 = F 4 voly AXxEF)  (AN(F,) = (=1)/2E)

e the metric: ds?, = 24 ds?(My) + ds?

(e susy < pure spinor equations

d(e34®;) =0 & Gen. CY structure
d (e Re®d,) = 0
S S d (e*AIm®y) = e*e™B x \(F)
(P1,v7P2) =0
e Bianchi identities
\ (d — HA)F = §(source)

Equations

of motion
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Generalized complex structure (GCQG)

e GCGJ :TOT* —TaT" (J*?=-1;, JIJ=1)
¢ Structure group: = U(3,3)
e GCSintegrable: my[r_(v), 7—(w)|Lie =0 — IL[II_(X),II_(Y)]c = 0 with
Courant bracket:
v+ & w+n) = o, wliie + { L0 = Lo — $d(0n —16) |
(Courant closes on L s —the i-eigenbundles of 7.)

e Closed B-transform (v, p1) +— eP(vy, p1) = (v1, p1 + 2, B) is an auto-morphism of

Courant : [e” (v, p1), e (v2, p2)] = eZ[(v1, p1). (v2, p2)]
e Twisting: d—d— HA, e — o + i H

e Two compatible GCS’s  (Structure group: = U(B)xU(3)): |[J1,J]=0 =

—1 —1
—g B g
G=010=
g—Bg~'B Bg™!



Pure spinors and integrability of GCS (GCY)
e i-eigenbundle of 7 L 7 is of max dimension (6) and is null - max. isotropic.

e Spinor bundle S ~ A*T™:
o Clifford action on a spinor ®: (v+ () - ® = v™y, ® + (pdz™ A @

o Leg={v+Ce€TdT*|(v+ () P =0} is isotropic
(v +¢)- (v +¢)®) = —(v+ v+ ()P)

o If Le of max. dimension — ® - pure spinor

olfLy=Ls = J <« lineof pure spinors
e For A, Be Ly, [A Blc® = (AB— BA)-d®
o d® = (1, +{N)P <& J -integrable
o d® =0 (|4, B|c € Ls = Ly)—GCY condition



On generalized tangent bundle :

0—T*M —FE -5 TM —0,

(I)j: clL® Aeven/oddT*M.

Dilaton ¢ together with ¢ and B needed to define ismorphism between S*(E) and
Aeven/oddT* M

Sections of E:

)~ e G- (C)

e B-transformed pure spinor e & - global : structure group on TX & T*X SU(3,3);
a pair of compatible pure spinors (¢ & ®_) — SU(3) xSU(3)

X



Back to Pure Spinor equations:
e N=1SUSY <« GCY

e RR part is completely fixed by (g, B) (e.g. 32 components of RR flux vs. 42
components of SU(3) intrinsic torsion)
Pure spinor equations < supersymmetry (D=6!)

o [((d— HN)F, e34Im®,y) = ... = [e* (F, *\(F)) has definite sign

o Projection into singlet < Tr(6L® /ég,,) «— TADPOLE
¢ Need for negative charge sources — O-planes
¢ Individual terms may correspond both to O-planes and D-branes
o Sources given by:
(d — HA)F,_3 = ¢;n" = Q;(source) vol’

e 4+6 split lifts the Self-Duality of RR fields
PO — (mtln/2l g 0 L0 — B 4 voly A A(xF)

(But Pure Spinors are SD: ¢, v =i AMx®7))



ORIENTIFOLDS

Orientifold action:
e O3/07 and O6: Qws(—)fto
e O5/09 and O4/08 Qweo
o lIA: olI=-1I, IlIB: ol=1

[A: oQs =F0s  cge W =et |
For SU(3) structure: , |
[IB: oQs = FQ3 ce W = .
03/07 05 06
In general 0() = —ABy) | 0(Py) = A(Bs) | 0(Ps) = — (D)
G D) =ND_) | o(®_) = -ND_) | o(P_)=\D_)

The phases in the pure spinors get fixed. For type |IB the compact backgrounds are:
o Type B: /2 (mod )
o Type C: 0 (mod )



3-STEP CONSTRUCTION OF SUPERSYMMETRIC BACKGROUNDS

NON-COMPACT COMPACT
STEP 1 ®; is compatible with involution o
(Twisted) GCY structure dg®; =0 dg®; =0
STEP 2 o, compatible with &4 ®, compatible with &4
Metric and o
SU(3,3) — S(3) x SU(3) dpy®s = xFRR dpg®s = x FRR
STEP 3 compute FRE compute FRE
Tadpole dgFRR =0 dg FRR = sources



EXAMPLE: CONFORMAL CY BACKGROUND
Xg - conformally CY
F5+7H;3 - (2,1) and primitive type B
Fy ~ x¢dA (A - warp factor)

The tadpole: dF5 = F3 A H3 + sources # 0
o Need O3’s and D3’s
o The tadpole is a top-form (singlet)'

X can be chosen to be (conformally) 7

Can use the isometries of the background to perform T-dualities:
<NEW VACUA> ('02-'03)

Ex: Two T-dualities with F;, F; — F5 (O3,D3 — O5,D5) and a new manifold:
T2 o M6
T4
Nilmanifold - “Twisted torus” type C
Negative curvature - Not CY



DELOCALIZED SOURCE SOLUTIONS

Sioy € M
The nilmanifold (0,0,0,12,23,14-35): T{24 5 > M
T{?)l,2,3}
The metricis givenby: Q3 = (e' —ie’) A (e? +i7e®) A (e* +ie®)

(B =0) J = —tiet Aed ttore2 Ael Ltaet AeP

RR 3-form: Fy = —(r;e2 — |7|2¢%) A (tg(el Aet— e Aed) + (el Aed 4 €3 A 64))

Moduli: 7 = Tr + 1T - CS, t1,1t2,13 - “Kahler” (get fixed by Bl)
t; > 0and 1+ |7|? > 2|r,| - for positive definite metric

The tadpole: dF; = —2 |7|? (t_s vol11236 4tz V0121345>

T?tltg

O5-planes along 45 26 - Intersecting sources

Not T-dual, but ... can be connected to other solutions!



COORDINATE-DEPENDENT O(n,n) TRANSFORMATIONS
T™ action

e Principal torus bundle T" — X "5 M :

e A globally well-defined smooth 1-form ©® on X with values in t := Lie T = R".
o Isometries: 1x O =1t ®t(LxkO =0)and LxH =0
o 3-form H:

1 1
H=n"Hs+ (x*Hy,0) + §<7T*H1,@ A O) + 6<7r*H0,@ NCYNC)

(but B, = Bao + (Bi1a,0) + 3(Boa,©® AO)  (No 771))
— H; € QY (M;A>7t) for j =0,1,2,3
— (-, -): the natural pairing t* ® t = R
— dH =0 = dH;+(H;_1,F)=0



T™ action & Courant

e Courant bracket:
(v, p), (w, N)]g = [v,w] + {EUA — Lopp — 5 d(1uA — 1p) + zvsz}

e v=uvpy + (K, f)and p = pm + (¢, 0)
Lrxv=0and Lxp=0,= f € Q°(M,t)and ¢ € Q°(M, t*). ( T"-invariant section of
TX can be written as an element (v, f) € TM @ t, while a T"-invariant section of
TX* can be written as (pas, ¢) € T*M & t*. )

e Courant with T™ action:

[(UM7f710M7¢)7 (wM,g,)\M,W)]H = [(/UMJ,OM), (wM7)\M)]H3‘|‘
<\(),./7\£ng — Loy [ (w, df) = (§,dg) — d((w, ) = (6,9))/2, Loy,w — Lqué)Jr

7

~"

vector function 1—form function

(O7Z’UM7"U)MF; <w77”UMF> + <ZUMF#79> - <ZwMF#7f> - <¢77’wMF>77’UM7’wMF#)_

(0,03 (H, [, 1), (Ho, [£.91)) (don't like H; and Hy!)

where F, :=u(50-)H = Hi+(—H{' N©; + 5 H]"" 0, N Ok) and dFj, = 0



Automorphisms of the bracket:

o Constant O(n, n) transformations on t ® t*:

(1 0 0\ (

0 U\

0 Al0 B f

St(X) = —
0 olI o 0

\o clo D)\ o)

¢ Generalized B-transforms
A B T
X o eBX = (v, f 4+ 0U;p+1,0% + (b, f) + (6,0), 6+ wb)
with closed two-form b® and one-forms b and U.
e The automorphism (unobstructed T-duality):
S(ePX), Si(ePY)] = Sy(e”[X,Y])
(one-forms b and U are coordinate dependent now)

Automorphisms with coordinate-dependent O(n,n) — “TWIST”



“TWIST” and PURE SPINORS

% (I)j: — d’ :Oi.CI)i

_ i@i‘z 1 —Ymndx"Adz” La™ dx™ A g Tmndxr™ Adx™ __ i@j:
o O=e Jieal € m eTmn = e"c Oy

O is a combination of
e B-transform
e a scaling transformation of (parts of) the metric =  a shift in dilaton
e a (pair of) U(1) rotation(s)

e a change in the connection - twist of T"

[ d(e*4P!) =0 & Gen. CY structure

For®, = < d(c?*“Red,) =0
d (e**Im®)) = R/

\

o New integrability defect from RR part R = e*4e=8 x« \(F):
R’ = cos(07)0; R+ sin(61)d(e20;) e24Re®; + cos(61)d(0;) et Imd,



TWISTED TORUS BACKGROUNDS FROM TWIST DUALITY
o T* x T2 = T2 — M =5 T4

o SU(3) structure after the twist:

J = I+

2
Q/:\/?(,UM/\@

9.0 N0

¢  PS equations = conditions on curvature 7*F = d©O:

F/\JM:F/\JM:O
FANwy =0

- F=pF204 "

o Five solutions:
(0,0,0,0,12, 34) M = N3 x N3 by(M) =8
(0,0,0,0,13,14) M=S'x My by(M)=9
(0,0,0,0,2 x 13,14 +23) M = NV bo (M) = 8
(0,0,0,0,13 + 42,14 +23) M = N¥ by (M) = 8
(0,0,0,0,0, 14 — 23) M=S8'xNs b(M)=5




ITERATING THE TWIST

& Sl><M5 = Slc—>M7T—/>M5

o Conditions on curvature :

FA(e+iet)A(e®+ie) = 0
FA(ne? et +etAe’ne’) = 0
o M:(0,F,0,0,13,14) = (0,0,0,12,23, 14 — 35), by (M) = 3

o Bianchi ldentity
g, dFy = 2i00(e%4J) = §(D5) — 6(O5)

with intersecting sources.

e (Can recover ALL solutions on iterations of torus bundles over tori (nilamnifolds)



T-duality - coord-independent O(n,n) transformation in a background with n
isometries v'. Acts separately on NS and RR sectors - perturbative symmetry.

Preserves susy if £,i®+ = 0.

Topology change: X xy X

i
]

Correspondence space Y = X x,; X:
o a circle bundle over X with first Chern class 7*(c; (X))

o a circle bundle over X with first Chern class 7*(c1 (X))
T-duality:
mH =c1(X) 7.H =c(X) EHZ(M>



EXAMPLE: twisted torus (nilmanifold)

~

T duality: [ H < ¢ (X)
T3 (zt, 2%, 23) o | X3: (de' =0;de® = 0;de® = Ne' Ae?) < (0,0, N x 12)
Hs : Ndz' A dz? A da3 ﬁg,: 0

Xs=G/T: (2% 2% 2%) ~ (21,22 + a,2%) ~ (2,22, 25 4+ b)~ (2! + ¢, 22, 2% — Neal))
— nilpotent Twist

X5 is an S! fibration over 72 with ¢; = N
Il Choosing B, = Nxzldxz? A dz? have two isometries. BUT... problems with the second
T-duality: After the first T-duality, ds% = daf + daj + (dz3 + Nx1dez)?, and 9, is no

longer well-defined (due to z! being periodic - this not a local problem) !!

= generalization of the correspondence space?



Action of O(n,n) is obstructed for Hy # 0 & H' (M) # 0!

de’, ) gives

a )
N — — O
Q, a S = S
O >
O n
~ 3 \ % M
b c
~ g
c
i @)
> 2
| /) Q
Ay o)
E :
QD !
D
2 >~
R ~
~ D
Su 2o
‘5 Q
c +
.m ~ Fk
© )
N .
= o I
()] 5 o) ~
= S 1)
o —
o 7 =
Q) £ =



Generalized correspondence space

e The gluing conditions for B, compatible with the T"-invariance ﬁ(a%,)Ba = 0:

IJ 1J __ IJ
BOa o BOB — maﬁ

— {m/5} - skewsymmetric integral valued matrices defined on M, satisfying
cocycle condition 1,5 + mgy + My = 0

— mih —0 = Bl — globally defined smooth function; no obstructions

for O(n,n) action
e Generalized correspondence space Y — affine T™ x T™-torus bundle over M:

The gluing conditions for corresponding affine connection:

@a déa + Bla I mMeas éﬁ

O, b, + Ag 0 I O

e OL|y, =0 — B{]©,—aglobally well defined 1-form on the total space of the
affine torus bundle



Obstructed T-duality — “non-geometric backgrounds”

e Courant bracket as the algebra of sections of the generalised tangent bundle E:
0O—-T7T"X - F—-TX —0
— Choice of B = identification with T" & T
(U + g)’on = Vo T+ (éoz - ivBoz)-
— On two-foold intersection X, N X3:
B, = Bﬁ + dAaB
To +€a =125+ Es —ixdAns
— Courant on E = twisted Couranton 7" @ T

— Gilobal spinor on E: eP>®, = ePrdy



Generalised tangent bundie E

e Spin connection wyy = % (fabe + fach — foca) € is defined by:

[@a,@b] = e , = de® = —%fab Ael = —%facbec Ael

e Passing to F (local basis): £, =0, — ;. B, E% = ¢

e Restriction of the Courant bracket to the basis:
Ea, By = fCap Ec — Hype E°
[Eq, B?] = = fac B
[E*,E’] =0

H = %Habce“ Aeb Aef = % (@C(Bab) — fdabBcd) e Neb Ne¢ (Dp(e?) = —%fabcec).

e PS equations lift to £
— (d— H)® & d®, = 0
e T-duality preserves the form of the PS equations:
BP0k s o B

GBd(G_B(I)Q) = d(I)O — H A (I)Q > eﬁd(e_ﬁéo) = di)o — Ql_i)o



Example: T-duality (action on gen. tangent space)
o ds? = ds%w +o6le!, B = %BW dz¥ A dx¥ + B, rdx? N 6! + %B]J@I A 67
e Torus fibration: ©7 = d§’ + A!

e Basison F :

(E"’/\ ( eZ/ 0 \ (dm“\

Al I dg’
E, _<Ba’,u + BG’IA/IL) —B,r Eg, —EZL,A'{L (9M
\E[/ \ —(B]'LL—I—B[JAIL{) —B[J 0 I ) \6])
e Two T-dualities (I, J =1, 2) give:
[ [e¢]axa O \ [ e 0 0 0
Al I eB)! —(e-€) | 0 —(eBe)l’
o o | DL e (¢Be)
_Ba’,u —Ba1 Eg/ _Aéf _Ba’,u _(EA)CL/I EéLL _(EB)é’
\ ~Bry,  —Brs | 0 I ) K —(ed) 1, 0 0 —(e-€)f
o B, -invariant; AL < By, =B, +BijAl;  Bpj < (eBe)l/ = plY




0 - transform and Courant bracket

e Gluing with ¢ transform:

A

(X + £)|Xa — (Xa T f—'ﬁa) +§
Cannot identify with T" @ T !l (unless ...)

e New basis:
E, =17,, E% = e + (e“LfB) = e + %,

e New algebra: _
[Eaa Eb_ — fcab Ec

[Eaa Eb — _fbac El + cha k.
[Eaij: _ Qabc EC 4+ Rabc Ec

e Generalized spin connection:
— wab = 5 (fabe + fach — foea) €°
— Q= Te(B) + B g — B
N Rabc — ﬁad @d(ﬁbc) - 6bd @d(ﬁac) e ﬁadﬁbefcde



e Background with isometries

— T X -5 M

[ f< oy ford’, ¥, - along the base
fa =14 flay forlI, J-along the fiore T¢, ([o7,7;] =0)
L 0 otherwise

—  B=50"unuy

e R=0and Q =dp

e For constant 3 along T¢ — 3—transform is an auto-morphism of the Courant bracket

e Local GL(n) transformation can take 3 — B (QQ — 0) but ...

—

If H'(M,7) +# 0 the transformation is not single valued!
— W HYM,Z) = 0, Q can be shifted away



General O(n,n)
e The spinor:
O = A EHO

e The algebra:
[Ema En — flmn El + Hmnl El
[Ema En — _fnml El — inm El
[Em’En _ ernn El + Rmnl El

The conclusion

e For H' (M, Z) # 0, O(n,n) action is obstructed, and no restriction to 7" ® T* (of
anything!) is possible. For H' (M, Z) = 0, can think of the O(n,n)-inv. algebra as a
(twisted) Courant on E (i.e. choose (Q — 0).

e SUSY equations continue to hold!



NON-supersymmetric (incl. DE SITTER) Solutions

e The theory has source terms:

_ , T _
Shulk — Tp/deiU € Cb\/|7/*[910] + F, T;? — ?(47720/)3 P

e for SUSY branes

e use calibrations to replace the volume form on the brane worldvolume by the
pullback of the non-integrable pure spinor

_ |af?

(*Im®_] Ae”) :

V[i*[g10] + Fd¥z

e keeping this condition does not allow for SUGRA de Sitter vacua

e An essential property of SUSY branes: x\(F) is trivial in (d — H)-cohomology:

2
dg (347 Imd_) = %BSA * A\(F)



e Keep this property for SUSY-breaking sources - define a odd polyform (in l1A):

\/|94 [ d*z A X_ = /|ga| A’z A X_

X_ = (040(1) _I'O‘O(I) +amn7mq) 7 —I_O‘mnfy (I) 7n

Hq’—H
+ap "y + @, "By + Py + afj;@w”)

such that
(d— H)ImX_ = ¢y gs x A(F)

the RR-flux EOMs are automatic.

e use X_ to "calibrate” the non-susy source

Ia\2

(*ImX_] A e”) = —/|i*[gi0] + Fd™z

e Can satisfy all EOM and Bl!



CONCLUSIONS

e Generalised Complex Geometry appears as the unifying framework for describing
flux backgrounds

e — N =1 vacua are Generalised Calabi Yau manifolds
— RR «xA(F) trivial in (d — H) - cohomology <«  second pure spinor
— compatibility of two pure spinors

e Geometry without supersymmetry (... with “integrability”)

e First order equations for non-susy vacua from pure spinors
(d— H)ReX_ =0,
(d— H)ImX_ =cqggse B« \F)

e Integrability of GCS as a stability condition (d — H) X = 1, X1 +p A X4

e Lack of compatibility (X, ,vX_) = m x Vol (m # 0! ) as susy breaking



