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LGeometry of second order operators

L2-nd order operators

First order operator (on functions)
)
L= T3x)da+ R(x), (8;,, — W)

Change of coordinates x2 = x2(x2")

/ / aXa/
aa=Xaa Ba/, <Xg :W>

L= T3(x)da+ R(x) = T3(x)x2 94+ R(x)
N’
Ta’
L= T?3x)ds + R(x)
N—_—— N——

vector field scalar
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L2-nd order operators

Second order operator (on functions)

A= %sab(x)aaab + T3(x)da+ R(X),
Change of coordinates x2 = x(x2")

1 1 !’ !
A= Es‘ﬁ'b(x)aaa,ﬁ--- = Ex;l S%XP 0p10p: + ...

ga’b’

S2b defines symmetric contravariant tensor of rank 2 on M.
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L2-nd order operators

Second order operator (on functions)

A= %sab(x)aaaﬁ T3(x)da+ R(x),
Change of coordinates x2 = x(x2")

1 1 !’ !
A= Esab(x)aa(9b+--- = Exj S%XP 0p10p: + ...

ga’b’

S2b defines symmetric contravariant tensor of rank 2 on M.

Quadratic polynomial Ha = %Sabpapb on T*M is the principal symbol of the
operator A = %8a83b(x)8b+.... (Linear polynomial H; = T@pz on T*M is
the principal symbol of the operator L = T30z +....)
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L2-nd order operators

A=— S%®(x)020p +T3x)d2+ R(x) (1)
N————
top component

The top component
symmetric tensor field S0, ® d;, on M.

1
2

If S =0 then A becomes first order operator
T40, is vector field.

What about the geometrical meaning of the term T29, if S #07?
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L 2-nd order operators

A=l S99y +T3(x)9a+ R(x) (1)

T2 2 %%
top component

The top component
symmetric tensor field S0, ® dp on M.

If S =0 then A becomes first order operator
T40, is vector field.

What about the geometrical meaning of the term T2d, if S #07?
To study this question consider the difference

AT —A,
where AT is defined via a scalar product

<Af’g> = <faA+g> .
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L2-nd order operators

Scalar product and volume form

(f,9)p = /Mf(x)g(x)p(x)Dx, p(x)Dx is a volume form.

/ / ax? /
Dx = p(x(x ))det (W) Dx

p(3)Dx = p(x(x )| o
(81.9)p = [, A(H(x))a(x)p(x)Dx

N /Mf(X)A+ (9(x))p(x)Dx = (f,A7g), .
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L 2-nd order operators

By integrating by parts we have

(at.gho= [ ( 5500306 + T2+ AY ) 9(Ip(x)Dx ~

~~

Af

/M £(x) (21paa (9 (%pg)) - ;aa (Tpg) + Rg) p(x)Dx = (f, A" g),

Afg

At - A= (absab—zra+ sababmgp) Dat...

vector field
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L 2-nd order operators

By integrating by parts we have

(at.gho= [ ( 5500306 + T2+ AY ) 9(Ip(x)Dx ~

~~

Af

[ 1 (21pa (9 (5%09)) - +2a (T%pg) + Rg) p(x)Dx = (f,A*g),

Afg

At - A= (absab—zra+ sababmgp) Dat...

vector field

Claim: for an operator A = S99, + T2d,+ R, the expression
y2 = 9,83 —2T2 is an (upper) connection on volume forms.
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LConnection on volume forms

Connection on volume forms

Connection V on volume forms defines covariant derivative

Va(pDx) = (da+ va)p(x)Dx,

YaDx =V 4(Dx) .
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LConnection on volume forms

Connection on volume forms

Connection V on volume forms defines covariant derivative
Va(pDx) = (da+ va)p(x)Dx, YaDx = V4(Dx) .

Transformation of the symbol ya(x): x& = x3(x2")

’ ax ’ ox
YaDx =x2 Vg <de % ’) =xZ <8a/ (Iogdet8 > +ya/> Dx

b’
Ya= ?’a’ Xb/Xba

The difference of two connections is a vector field:

y; — 75 = vector field
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LConnection on volume forms

Examples of connections

Example (Connection defined by a chosen volume form)
Let p,, (X) Dx be a non-vanishing volume form. Define:

Dx
v (p(x)Dx) =0, ( P DX) P oy DX = (92 (x) — 9al0g (o) (X))p,5) DX,

P

/ng) = _9a IOg p(o)(X)

Vgo) (p(o) (x)Dx) =0.

It is the connection induced by a volume form
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LConnection on volume forms

Example (Connection defined by a Riemannian structure)
Let M be Riemannian manifold with metric g,,dx2dx®.

p(g)(x)Dx = +/detgDx, (canonical volume form)

1 1

,}ég) = —dalogp(g)(x) = —§aa logdetg = —§gb08agbc = —Ff,b,
where I'Z are the Christoffel symbols of the Levi-Civita
connection.

Here connection on volume forms is the trace of Christoffel
symbols.
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LConnection on volume forms

Example (Connection defined by a Riemannian structure)
Let M be Riemannian manifold with metric g,,dx2dx®.

p(g)(x)Dx = +/detgDx, (canonical volume form)

1 1
%gg) = —dalogp(g)(x) = —Eaa logdetg = _Egbcaagbc = —ng,

where I'Z . are the Christoffel symbols of the Levi-Civita

connection.

Here connection on volume forms is the trace of Christoffel

symbols.

Volume form connection y, = —dzlogp is a flat connection: its
curvature vanishes

fab = Ja¥Yp — dpYa = —dadplogp + dpdalogp = 0.
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L Divergence operator

Connection on volume forms and divergence

If V is a connection on volume forms Vp Dx = (da+ ya)p(Xx)Dx
then one can define a divergence operator on vector fields:

FOI‘ X: Xaaa, le'J/X: aaXa—/)/aXa.
If the connection V is induced by a volume form p(x)Dx

7 = —dalogpa,  then

gXP Dx

div ) X = 92X? — 157 X% = 9,X? + X?93l0g p(x) = o

If p(x)Dx = y/detgDx is the canonical volume form on a
Riemannian manifold, then divX = (dp+I'2 )Xb
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L Divergence operator

Returning to operators
For operator A = ;sabaaab + T2d,+ R we consider adjoint
operator A™ with respect to the scalar product induced by a
volume form p(x)Dx.

At A= (absab—zra+sabab|ogp) dat ...

J/

vectc;; field
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L Divergence operator

Returning to operators
For operator A = S#9,9), + T2d,+ R we consider adjoint
operator A™ with respect to the scalar product induced by a
volume form p(x)Dx.

At A= (absab—zra+sabab|ogp) Oat ...

vector field

Consider the flat connection yg") = —dzlogp induced by a

volume form p(x)Dx. We obtain

9pS —2T2 = vector field — $%d,log p = vector field + S2yP)
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L Divergence operator

Returning to operators
For operator A = S#9,9), + T2d,+ R we consider adjoint
operator A™ with respect to the scalar product induced by a
volume form p(x)Dx.

At A= (absab—zra+sabab|ogp) Oat ...

vector field

Consider the flat connection yép) = —dzlogp induced by a

volume form p(x)Dx. We obtain

9pS —2T2 = vector field — $%d,log p = vector field + S2yP)

9p S — 2T = vector field + y*P) = ¥ upper connection
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L2-nd order operator=Symmetric tensor+Connection

Geometry of second order operator (on functions)

absab 2T2 = y? upper connection on volume forms
sabaaabf+ T30, +R= sabaaab+ (absba ya) 92+ R,

_1 ab 1
Af_éaa<§/abf)§ \yi/ daf + R_1,

tensor connection scalar
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L2-nd order operator=Symmetric tensor+Connection

Geometry of second order operator (on functions)

9pS3 —2T2 = ¥ upper connection on volume forms

- -sabaaabf+ T30, +R= —sabaaab+ (absba ya) 92+ R,

1 1

_ ab 0
tensor connection scalar

Upper connection ¥2 on volume forms defines contravariant derivative:
Va(p(x)Dx) = (sabab + ya) pDx.

If 7, is connection on volume form then y2 = S3y, is upper connection.
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L 2-nd order operator=Symmetric tensor+Connection

Example: Laplace-Beltrami operator

Fix a volume form p(x)Dx and consider the induced flat
connection y; = —dzlogp. Fix scalar R=0. Then

o Sa(se)- Y-
%aa (Sabab> + %Sabab logpda = ;;aa (pSabab> .

In the Riemannian case S = g and p(x) = /detg.
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L Algebra of densities

Algebra of densities

multiplied by the o-th power of the Jacobian of the coordinate
transformation:

S()|Dx[° = s(x(x ))\ Dx

Dx'

Under a change of coordinates a density of weight o is

o

1Dx'|% = s(x(x)) (det ( ox

a))‘”"
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L Algebra of densities

Algebra of densities

Under a change of coordinates a density of weight o is
multiplied by the o-th power of the Jacobian of the coordinate
transformation:

S(0IDX17 = s(x(x'Y) | e

| 017 = sty (vt (52) ) 10

Density of weight o = 0 is a usual scalar function.
Density of weight o = 1 is a volume form.
Wave function V is a density of weight ¢ = 1 (semi-density).
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L Algebra of densities

Algebra of densities

Under a change of coordinates a density of weight o is
multiplied by the o-th power of the Jacobian of the coordinate
transformation:

S()|Dx[° = s(x(x ))] b

o 1061 = staxy (at (52) ) 1x P

Density of weight o = 0 is a usual scalar function.

Density of weight o = 1 is a volume form.

Wave function V is a density of weight ¢ = 1 (semi-density).
Product of two densities:

S1 (X)|DX|0'1 ‘SQ(X)|DX|°'2 — SI(X)|DX|0'1+0'2 ]
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|—Geometry of second order operators
L Algebra of densities

Definition

Canonical scalar product of densities

(51(x)|Dx|°", so(x)| Dx|2) :/Ms1 (x)s2(x)Dx,

ifoi+oo=1,
(s1(x)|Dx|%", s2(x)|Dx|??) = 0

ifo1+00 #1
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L Algebra of densities

Canonical scalar product of densities

Definition

(s1(x)|Dx|°", s2(x)| Dx|%2) = /M S1(x)s2(x)Dx, ifor+o2=1,
(51(x)|Dx|°",82(x)|Dx|??) =0  ifo1+0p # 1

Symbolic notation:
s(x)|Dx|° < s(x)t°. Density a(x,t) =Y. axt°

(a(x, 1), b(x, 1)) = /M Res (W) Dx.
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L Algebra of densities

Differential operators on densities

Differential operators D = D(x, t, 2 5 dt) act on densities
a(x,t) = Lax(x)t%, (t° — |Dx|°).
Examples
Weight operator: 6 = tZ. t& (a(x)t°) = ca(x)t°.
Lie derivative:
d dX2 d

a ™t 8xata

d
da(x aX4
S (a(x)|Dx|°) = (Xa 249 a2 a(x)) |Dx|°,
Examples of adjoints
+
of = —datt =t, (d%) =82 5v=-1_4.

S = X3
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LSecond order self-adjoint operators on the algebra of densities and the canonical operator pencils

Second order operator on the density algebra

Contravariant tensor S0,
upper connection y?

(H.Kh., T.Voronov 2003)

Second order self-adjoint
operator on algebra of
densities

Aa(x,t)=ATa(x,t) =

% (925%9p + (26 —1)7P0a-+ a7+ 6(6 —1)0) al(x.1).

Here 6 = y2S,,7? = y?7a (in the case if S is invertible).
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LSecond order self-adjoint operators on the algebra of densities and the canonical operator pencils

Second order operator on the density algebra

Contravariant tensor S0,
upper connection y?

(H.Kh., T.Voronov 2003)

Second order self-adjoint
operator on algebra of
densities

Aa(x,t)=ATa(x,t) =

% (925%9p + (26 —1)7P0a-+ a7+ 6(6 —1)0) al(x.1).

Here 6 = y2S,,7? = y?7a (in the case if S is invertible).

In the general case 9 is an object such that for an arbitrary connection y',
0 —7v'28%y", —20,(y2 — Sy'y) is a scalar. It is a Brans-Dicke type

"scalar”.
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LSecond order self-adjoint operators on the algebra of densities and the canonical operator pencils

Canonical pencil of operators

Restricting the operator A on densities of weight o we arrive at
the operator pencil Ag,

As(a(x)|Dx|?) =

% (925%9p + (26— 1)7P0a-+ 0dar* + (o —1)8) a(x) Dx|”.

o cR.
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LSecond order self-adjoint operators on the algebra of densities and the canonical operator pencils

Canonical pencil of operators

Restricting the operator A on densities of weight o we arrive at
the operator pencil Ag,

Aq (a(x)|Dx|?) =

% (aasabab+ (26 — 1)Y29+ 69272+ (0 — 1 )e) a(x)|Dx|°,

o cR.

Theorem ("Universality” property)

Let L be an arbitrary second order operator acting on densities
of the weight o. If 6 # 0, 1,1 then there exists a unique
canonical pencil which passes through the operator L, L = Ag.
(H.Kh., T.Voronov)
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LSecond order operator on semidensitites and Batalin-Vilkovisky groupoid of connections

Special case: operators on semidensities, o = %

Fix S&. Choose an arbitrary connection y,. Consider the

canonical pencil at ¢ = 3.

o) (a(x)\/m) :% (aa (sababa(x)) + ‘93272 a(x) — Yzya a(x)) |Dx

How this operator changes if we change the connection y?

, 1 1
y— vy =y+X, A’% — Ay% = Ay% +Zaaxa— 3 (27aX?+ XaX?) =

y 1 1,0 y 1/ 1,0

A=A

1 1
2 2

& div,,X—%Xz =0.
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LSecond order operator on semidensitites and Batalin-Vilkovisky groupoid of connections

Groupoid of connections
Let A be an affine space of all connections on volume forms.

Arrow: yiw’ suchthaty,y’ € Aand y' = y+X.

Set S of admissible arrows: S = yin/’: div, X — 1X2 =0
2

Inverse arrow: If yiw’ € Sthen Y/_—X>}/€ S.
(If div,X — ;X2 = 0 then —div,, xX — sX2 = 0).

Multiplication of arrows: if v Lyz, yzi% € Sthen
nypes.

(i divyg X~ 2XP = div,¥ — Y2 = 0 then divyy (X+Y) — 2 (X+Y)? =0.)

We call this groupoid the Batalin-Vilkovisky groupoid.
(H.Kh., T. Voronov.)
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I—Operators depending on a class of connections

LSecond order operator on semidensitites and Batalin-Vilkovisky groupoid of connections
Conclusion

Operator A, depends not on a connection but only on its
2

equivalence class, the groupoid orbit &, of a connection 7,

oy={r': vy €S}
A=A e divX_ ix2—o.
2 2 14 2

N
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LOperators depending on a class of connections

LSecond order operator on semidensitites and Batalin-Vilkovisky groupoid of connections
Conclusion

Operator Ayl depends not on a connection but only on its

2
equivalence class, the groupoid orbit &, of a connection 7,

oy={r': vy €S}
A —n” e diviX— X2—0.
2 2 14 2

Where such operators naturally arise?
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L A-operator on odd symplectic supermanifolds

Consider a supermanifold M with coordinates
={ x2 , 0% }. Let S*B be a (super)symmetric contravariant
N~
even odd

tensor on M:
SAB — SBA(_1 )P(A)P(B).

It defines A = SABo 0+ .. ..

Suppose S4B is invertible.

1-st case . SAB is an even tensor: p(S*8) = p(A) + p(B).

S4B = g#B defines an even Riemannian structure.

There exists the canonical volume form and the canonical flat
connection on volume forms:

p(2)|Dz| = \/Bergag, ya = —dalogp(z).

Moreover there exists the unique Levi-Civita connection 5
and

ya=—dalogp(z)|Dz| = —(—1)Brg,
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L A-operator on odd symplectic supermanifolds

2-nd case . S*Bis an odd tensor: p(S#8) =1+ p(A) + p(B).
S4B = 4B defines an odd symplectic structure *:
{ZA ZB} ( )AQAB

There are no canonical volume form (no Liouville Theorem!)
and no canonical flat connection on volume forms.

There are many affine connections compatible with the
symplectic structure. One cannot choose a unique "Levi-Civita”
connection M

One cannot choose a distinguished connection on volume
forms.

Can we choose a class of connections?

TWe need to impose the additional condition (QABr4ng, Q@B mang) =0

where (,) is a canonical Poisson bracket on the cotangent bundle T*M,
providing the Jacobi identity for the odd bracket {f,g} = (f,(*Brang,9)).
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I—Operators depending on a class of connections
I—A-operator on odd symplectic supermanifolds

DA
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L A-operator on odd symplectic supermanifolds

Canonical class of connections
Definition
We say that y, is a Darboux flat connection if there exist

Darboux coordinates such that y4 = 0 in these Darboux
coordinates.

Theorem

All Darboux flat connections belong to the same orbit of the
Batalin-Vilkovisky groupoid. That means that for two Darboux
flat connections vy, o

npeS, ie divk— %xz -0,

(.A.Batalin, G.A.Vilkovisky 2>—H.Kh.—H.Kh., T.Voronov)
2The statement relies on the Batalin-Vilkovisky identity:

Q4804054 /Ber (22 ) = 0 for Darboux coordinates zA,z4".
A ,9 A
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LA-operatc»r on odd symplectic supermanifolds

Example. Canonical A-operator on semidensitites

Let y be an arbitrary Darboux flat connection and {24} be
arbitrary Darboux coordinates. Then

A7 (a(2)/Dz]) =

2
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LA-operatc»r on odd symplectic supermanifolds

Example. Canonical A-operator on semidensitites

Let y be an arbitrary Darboux flat connection and {24} be
arbitrary Darboux coordinates. Then

A7 (a(2)/Dz]) =

2

% (aA (QABaga(Z)) + %a(z) - #3(2)) V/|Dz|
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L A-operator on odd symplectic supermanifolds

Example. Canonical A-operator on semidensitites

Let v be an arbitrary Darboux flat connection and {z4} be
arbitrary Darboux coordinates. Then

A7 (a(2)/Dz]) =

2

;(acﬂ%wcn+%fa) wman)%wa

]
= EQBA(?A&Ba(Z)\/ |Dz|,

since QPA is a constant tensor in Darboux coordinates and
according to Theorem above, % - % = 0 for an arbitrary
Darboux flat connection.
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L Invariant density on surfaces in odd symplectic sumpermanifold

Analogue of mean curvature for an odd symplectic

structure.
Let M be an odd symplectic supermanifold equipped with a
volume form p(z)|Dz|.
Let C be a surface of codimension (1|1) in M and ¥(z) be an
odd vector field which is symplectoorthogonal to the surface M.
Consider

AV, V) =Tr(MN(VV)) —div,V,

where I is the projector on (1|1)-dimensional plane
symplectoorthogonal to the surface C, and V is an arbitrary
affine connection on M. (H.Kh., O. Little)
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L Invariant density on surfaces in odd symplectic sumpermanifold

Analogue of mean curvature for an odd symplectic

structure.
Let M be an odd symplectic supermanifold equipped with a
volume form p(z)|Dz|.
Let C be a surface of codimension (1|1) in M and ¥(z) be an
odd vector field which is symplectoorthogonal to the surface M.
Consider

AV, V) =Tr(MN(VV)) —div,V,

where I is the projector on (1|1)-dimensional plane
symplectoorthogonal to the surface C, and V is an arbitrary
affine connection on M. (H.Kh., O. Little)

In the even Riemannian case (surface of codimension (1/0))
one can take the canonical Levi-Civita connection V¢ and the
Riemannian volume form. Then

A(Vic,V) = |V¥|-mean curvature of the surface C.
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L Invariant density on surfaces in odd symplectic sumpermanifold

In the odd symplectic case there is no preferred affine
connection compatible with the symplectic structure.
Consider the class of Darboux flat affine connections.
(Connection is Darboux flat if there exist Darboux coordinates such that
Christoffel symbols F'AC = 0 in these Darboux coordinates)

Theorem
The magnitude A(V, V) does not depend on a connection in the
class of Darboux flat connections:

AV, V) = AV, ¥)

for two arbitrary Darboux flat connections V and V'.
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L Invariant density on surfaces in odd symplectic sumpermanifold

In the odd symplectic case there is no preferred affine
connection compatible with the symplectic structure.
Consider the class of Darboux flat affine connections.
(Connection is Darboux flat if there exist Darboux coordinates such that
Christoffel symbols F'AC = 0 in these Darboux coordinates)

Theorem
The magnitude A(V, V) does not depend on a connection in the
class of Darboux flat connections:

AV, V) = AV, ¥)

for two arbitrary Darboux flat connections V and V'.

This construction reveals the geometrical meaning of odd
invariant semidensity obtained in 1984 (H.Kh., R.Mkrtchyan).
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