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1. Generalized Calogero-Moser (CM) sys-
tems

e CM systems for Coxeter groups

e Integrability through Dunkl operators

e Generalized CM systems

e Invariant ideals for rational Cherednik alge-
bras

e Restricted Dunkl| operators and integrabil-
ity of the generalized CM systems



2. Generalized Macdonald-Ruijsenaars sys-
tems

e Double Affine Hecke Algebra

e Invariant ideals and generalized MR sys-
tems



Calogero-Moser (CM) systems for Coxeter
groups
Coxeter root system:

e R - finite collection of vectors in RV

o s R =R Va € 'R,

sa - orthogonal reflection with respect to
the hyperplane Mg : (a,z) =0

(here z = (z1,...,zn) € RV)
o R =Ry |I(-R4), R4 - pairwise non-collinear

Then R - Coxeter root system;
W = (sa|a € R) - finite Coxeter group

Ring of invariants C[z]W = Cloy,...,0n], 0; -
basic invariants



Example R=An_1 C RN
R = {t(ei—e)|l<i<j<N)
W = Sy

Clz]°N = C[oq,...,0on], With e.g. o, = 27];\;1 CIZiC



CM operator
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where ¢c: R — C is W - invariant
Example R =Ay_1

W = Sy, ¢ = const,

N
An_ 2c
L=L""t=A-) (9 — 95).
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Potential gauge:
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Dunkl operators

cal(a,
N N
OéER+ ?

Commutativity: [V, Vy] =0 V¢ neRY

Integrability of CM systems

N

2 Ja) (1 —
Sv2=a- Y e gq y el Zs)
i=1 aC€R (a,z) a€R 4 (a, )

where V; = V,.
Yty Vilew =L (sa— 1)

Take g,h € C[z]"'. Then

[g(V) |(c[x]W, h(V) |(C[33]W] = 0,

{9(@)|cpwle € Clz]"'} — commuting family of
differential operators, contains L



Rational Cherednik algebra

R - Coxeter root system, W - the correspond-
ing Coxeter group, ¢ : R — C - W-invariant
multiplicity of the roots

Rational Cherednik algebra H = HX
is given by its faithful representation in Clz]:
HJ* 2 (C[z], C[V],CW)

C[ZE] — C[SC]_,,QZ‘N],C[V] — C[V]_,...,VN],
CW - group algebra

p(x) : q(z) — p(x)q(x) Vp(z) € Clz]
v€ cq(x) — ng(a:) Ve € RN

w:q(z) — qw tz) YweWw
Vg € Clx]



Generalised CM systems

2
L =A — Z Ca aa,
acA (v, )

A c RN - some collection of vectors; ca € C
— multiplicities

L — integrable: dLy = L, Lo,..., Ly such that
[L;, L;] =0, {L;} algebraically independent

Example
n Oy — O 2Mm 0, — 0
Lz,m:A_QkZ Ly mj__z Y Y5
i<j Ti T kigi Yi— Yy
5> Oz; — VkOy,
1<i<n L1 \/Eyj

Potential gauge: pairwise interaction of n+m
particles with inverse square potential. Mass
of x particles = 1, mass of y particles = 1/k.



Origins and history

e Multidimensional Baker—Akhiezer functions
and theory of Huygens' principle , m =1

e Superalgebras Lie, k= -1/2

e Integrability by computations

e Generalized discriminants

Trigrnm __Trig ,oo
SymLk _Sym[’ |gener.dz’scr.

e Special solutions

+ B-family



sz - invariant ideals of Cl[z]

e PC W - parabolic subgroup up to conju-
gation P= (sq|a € o), where 'oC I, sub-
graph of the Coxeter graph for W

e Dp - intersection of mirrors, Dp = ﬂaero Ma,
where Ty, are hyperplanes {(«,z) = 0}

e The orbit Dp = Uyew w(Dp)
e Ideal /p = {q € Clz]|q|p, = O}

When is ideal Ip invariant under the rational
Cherednik algebra HX?

Equivalently, V¢ : Ip — Ip V€ € RY



Generalized Coxeter number h¢ = % is defined
by
Z Ca(Oé, u) (aa U)
acR CX)

When ¢ = 1, hl = h = maz;(d;) - the usual
Coxeter number for R.

= h¢ (u,v) Vu,ve RN

T heorem et Coxeter graph

Mo=T1U...UTls,

where I'1,...,I's - connected. Let R; be the
Coxeter root system with the graph ;. Then
ideal Ip is H-invariant if and only if

h%izl Vi=1,...,s.

Note when ¢ = const the condition is h =1/c
for all root systems R;, 1 =1,...,s.



Example R = Ayn_1

h(A,_1) = k, hence

fo=T1U...Ul,

wWith R; = A, _{ Vi=1,...,s,

where k= 1/c.

Dp={z1 = ... =T}, Tp41 = ... = TDfy---}

Dp - Spy-orbit of Dp.

Note that it is necessary that c is inverse inte-
ger for the existence of the invariant ideal.

More generally defining representation C[x] for
HX with ¢ = const is reducible if and only if
n
C — — m
d; +
for some integer m,n, 1 <n<d;—1, m > 0,
and some degree d,.



Restricted Dunkl operators and integrable
systems of CM type

Let Ip = {q € C[z]|q|p, = 0} be H*-invariant
Then V¢|p, is correctly defined.

T heorem T he operator

y 2
2 Vilewyy,,

=1
IS integrable;
[Q(VN@[x]Wbpa f(v)|<c[a;]W|DP] = 0,

Vg, f € C[z]".

Explicit form:

f; v?| N
) w — z P L)
i=1 +ICle] |D7D aER 4 (@, z) “
a#0

where A is Laplacian on Dp, and a is projec-
tion of o onto Dp (z are coordinates on Dp).



This construction gives Sergeev-Veselov op-
erators (at special parameters) starting from
A, B, D root systems. Exceptional groups lead
to new integrable operators.

Example R = F, =

= {4e;, 1 <i<4itete;, 1 <i<j<4; L(ter+
epfezteq)}

cle;) = c(%(:l:el:I:eQ:I:e;g:I:eA,)) = %, c(e;xe;) =c
I‘O:.%Al (P%ZQ)
3 3
4 1)0; 2¢(0; £ 0;

=1 x; =1 % + x;
i<j

_22(31i82:t83)
T~ X1t rpETx3 '



Double Affine Hecke Algebra

R - crystallographic root system of rank N
(with minuscule coweight)

HZJ? = <X>‘, T;, mr) /relations

e )\ € P - weight lattice: (aV,\) €Z Va€eR

here oV = 22
(ov,00)

e i =1,...,N, (T;) - Hecke algebra

e rC{1,...,N}: m < br - minuscule coweight

b € PV - minuscule: (a,b) € {0,1} Va €



Faithful representation of Y,

The space of representation is C[e(”’x)],u cP

Let A = {a1,...,ay} be simple roots; let ¢ :
R — C be W-invariant, denote t; = to, = t(«;).

Define the representation:

t. —t %)
X)\ — 6()\’33), T, — t;+ - i

1— 6_(ai7w) (Sai B 1)’

Ty — T(hbfr')u'r
7(-)-shift operator: 7(v) f(x) = f(zx—v); q=
/2
ur € W is such that

ur : AU{-0} - AU {-6},

and ur(—0) = o, (6 - maximal root).



Cherednik-Dunkl operators

Let by,...,by be fundamental coweights: (b;, ;) =

5Z-j. Consider reduced decomposition
T(hbz) — 7Tr87;1 s Sil

in the extended Weyl group W = W x r(hPY)

(reduced: minimal length, (@) = |R- N @R, |,
where Ry = —-R_ =Ry U{a+hk|a€ Rk c¢c
Z>0})

Then define Ty = mT;

iy - - 1j. One has
[T (hy)s Tr(rv )] = O-

l

Cherednik-Dunkl operators

N
Forany Ae PV, A= Y m;b;, m,; € Z, define

1=1
N
vi= I @)™
1=1

Then commutativity holds: YAYH = YHY A =
YATHE WA ue PV



Macdonald-Ruijsenaars (MR) operators

For any A € PV define the difference operator
My = ZVEW(—)\) YY|w —invariants

Then [M,,M,] =0 VA, ueP.

Let b, be a minuscule coweight. The corre-
sponding MR operator is

M= > (I
AEW(—bT) (aa)\e)}il

tael®®) — 1

e(a,aj) —1

)T(hA).

For the coweight Y one has

Mgv = ) Aﬁ(’r(hﬁv) - 1)

BEW D
where
N ( 1 toelur) _ t;l) g ltoeBr) — qtal
6 R e(Oz,CB) —1 q_le(ﬁax) —q



M, - invariant ideals of Cle*®)], p € P
An,Cpn cases studied by

For general 'R we define

o P = (sq|la € g) CW - parabolic subgroup;
[0 C [ - subgraph of the Coxeter graph
of W; [o=T1U...UTlg; M,...,Ts -
connected components, R; - corresponding
root systems

e Dp = Naer, N’ where M. are hyper-
planes {(a,x) = n}

e The union of planes Dp = Uyew, w(Dp),
where

Wi ={weWlwla) e Ry Vaclog}

e The ideal Ip := {q € C[e(#®)]| qlp, = 0}



T heorem Ideal Ip is invari-

ant under the DAHA  HT, if

WI(R)=h Yi=1,...,s,

and t = e"/2.

Note in the case n = const the condition on 7
is h(R;) :% Vi=1,...,s.

This leads to integrable generalized Macdonald-
Ruijsenaars (MR) operators - restrictions of
usual MR operators: [M|p,, Myu|Dp] =0 . Ex-
plicit operator for the minuscule coweight is

tele®) _ ¢—1

My, lpp= 2. 1l o) _ 1 | pp7(—hwby),

weW a€ER
(a,wbr)=-1

where u is projection of w on Dp, x € Dp.

These operators are known for classical root
systems and new for exceptional root systems.



Example R = A, _1, rational version

The MR operator corresponding to b, = eq IS

v=3 It
1=1j=1 Lj — Lj
J7Fi

where T = 7(he;). We take Mg = Ap_1U...

A1

The restricted operator is
+h 5oy x4

Yi — Yy
— h EE:: ]jI J
i=1j=1 — Y jl;Il Yi — Ly
J7F=i

with h = kn, N = mk 4+ n.

L

m
Tyi +

Integrability for arbitrary

h,n; as a restriction from M®°.

trzg



DAHA of CVC type and generalized Macdonald-
Koornwinder operators

Let R=CpN =
{2¢;,1 <1 < N, te; T ej,l <i<j <N},
ai,...,an - Simple roots. Faithful representa-

tion of DAHA by operators acting in (C[e(“vf’f)],
peP

(1 — tyue—(@2)/2)(1 4 tiui_le_(ai’x)/Q)
tz'(]. — 6_(042"33))
+t;, 1=20,1,...,N.

T, =

(3067;_1>

ag - affine root, (ag,z) = —(0,2) + hA.

t,u - W-invariant multiplicities on Cy - affine
root system; ¢, = t(«;), u; = u(e;), with u(e; £
ej) = 1.

Overall 5 parameters: tg, ug, t1 = t(ei:I:ej),
tn, = t(X2e;), un = u(£2e¢;).



This leads to Macdonald-Ruijsenaars operator

n
Mgy = Ai,e(%fh - 1)'

=1
e=+1

where 7" = 7(ehe;) is the shift operator, and

tleea:i—a:j . tIl)(tleexi_l_xj . tIl) y

o (
Ai,e — H (€€$i+$j o 1)(66513@-—:13]- . 1)

j=1
j#i

(1-— tOqu_leexi)(l -+ toualq_leexi)
(1 _ q—2€2€xi)

X

(1 — thune®i)(1 + tnugleexi)

(1 _ €2€£Ez') ’
t1e?—t7
where g(z) = L —3—, ¢ = /2.



For appropriate invariant ideal Ip we get the
generalized MR operator

Mylop = Y Aie(T=1)+ 3 Beo(7,-1),
EZ=_:|:11 e€==:|:11
where
N1
Aje = (totn) ™ [T g(ewi—zj;t1, 1 gexi4x;;t1, 1) x
=1
i
No
T gCexi — yo; (t10)Y/2, (#1/9) /%) x
/=1
N>
1 9Cex; + ve; t10)Y2, (t1/9) /%) x
/=1

(1 — toupg 'e)(1 + toug g 1) (1 — tnune)
(1 — g—2e267:) (1 — e267:) (1 + tpu;, tecwi)—1

where ¢g(z;a,b) = W, q=-e
kn, k € Z_|_.



—1

N1
B q—q . 1/2 1/
By, = — gleyp—x;; (qt1)~'<,(q/t1)
YT (1 — 17 D (totn) jgl e '

N1y
[T gCeye + =55 (qt1)Y2, (q/t1) /%) x

=1

No
IT (9Ceye — vers 0, 1 g(eve + ypri g, 1)) %
=1
£
—1 —-1,-1
(1 —toupty eY)(1 + toug "ty €e) y
(1 — t]2e2eur)

(1 — tnungt] Le0) (1 4 tnuy, gty tecvr)
(qt71 — gty te2ewr)




Thank you for your attention!



