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1. Generalized Calogero-Moser (CM) sys-

tems

• CM systems for Coxeter groups

• Integrability through Dunkl operators

• Generalized CM systems

• Invariant ideals for rational Cherednik alge-

bras

• Restricted Dunkl operators and integrabil-

ity of the generalized CM systems



2. Generalized Macdonald-Ruijsenaars sys-

tems

• Double Affine Hecke Algebra

• Invariant ideals and generalized MR sys-

tems



Calogero-Moser (CM) systems for Coxeter

groups

Coxeter root system:

• R - finite collection of vectors in RN

• sαR = R ∀α ∈ R,

sα - orthogonal reflection with respect to
the hyperplane Πα : (α, x) = 0

(here x = (x1, . . . , xN) ∈ RN )

• R = R+
⊔
(−R+), R+ - pairwise non-collinear

Then R - Coxeter root system;

W = 〈sα|α ∈ R〉 - finite Coxeter group

Ring of invariants C[x]W = C[σ1, . . . , σN ], σi -
basic invariants



Example R = AN−1 ⊂ RN

R = {±(ei − ej)|1 ≤ i < j ≤ N}

W = SN

C[x]SN = C[σ1, . . . , σN ], with e.g. σk =
∑N

i=1 xk
i



CM operator

L = LRc = ∆−
∑

α∈R+

2cα

(α, x)
∂α

where c : R→ C is W - invariant

Example R = AN−1

W = SN , c = const,

L = L
AN−1
c = ∆−

N∑

i<j

2c

xi − xj
(∂i − ∂j).

Potential gauge:

L̃ = fLf−1 = ∆−
N∑

i<j

2c(c + 1)

(xi − xj)2
,

f =
∏N

i<j(xi − xj)
−c.



Dunkl operators

∇ξ = ∇R,c
ξ = ∂ξ−

∑

α∈R+

cα(α, ξ)

(α, x)
(1−sα), ξ ∈ RN

Commutativity: [∇ξ,∇η] = 0 ∀ξ, η ∈ RN Dunkl’89

Integrability of CM systems

N∑

i=1

∇2
i = ∆−

∑

α∈R+

2cα

(α, x)
∂α+

∑

α∈R+

cα(α, α)(1− sα)

(α, x)2
,

where ∇i = ∇ei.

∑N
i=1∇2

i |C[x]W = L (sα → 1) Heckman’91

Take g, h ∈ C[x]W . Then

[g(∇)|C[x]W , h(∇)|C[x]W ] = 0,

{g(x)|C[x]W |g ∈ C[x]W} – commuting family of

differential operators, contains L



Rational Cherednik algebra

R - Coxeter root system, W - the correspond-

ing Coxeter group, c : R → C - W -invariant

multiplicity of the roots

Rational Cherednik algebra H = HR
c

is given by its faithful representation in C[x]:

HR
c
∼= 〈C[x],C[∇],CW 〉

C[x] = C[x1, . . . , xN ],C[∇] = C[∇1, . . . ,∇N ],

CW - group algebra

p(x) : q(x) → p(x)q(x) ∀p(x) ∈ C[x]

∇ξ : q(x) → ∇ξq(x) ∀ξ ∈ RN

w : q(x) → q(w−1x) ∀w ∈ W

∀q ∈ C[x]



Generalised CM systems

L = ∆−
∑

α∈A

2cα

(α, x)
∂α,

A ⊂ RN - some collection of vectors; cα ∈ C
– multiplicities

L – integrable: ∃L1 = L, L2, . . . , LN such that
[Li, Lj] = 0, {Li} algebraically independent

Example

L
n,m
k = ∆− 2k

n∑

i<j

∂xi − ∂xj

xi − xj
− 2

k

m∑

i<j

∂yi − ∂yj

yi − yj
−

2
∑

1≤i≤n
1≤j≤m

∂xi −
√

k∂yj

xi −
√

kyj

Potential gauge: pairwise interaction of n + m

particles with inverse square potential. Mass
of x particles = 1, mass of y particles = 1/k.



Origins and history

• Multidimensional Baker–Akhiezer functions
and theory of Huygens’ principle , m = 1
Chalykh, Veselov, F’96

• Superalgebras Lie, k = −1/2

Sergeev’01

• Integrability by computations

Sergeev, Veselov’04

• Generalized discriminants Sergeev, Veselov’05

Trig
SymL

n,m
k =Trig

Sym L∞|gener.discr.

• Special solutions Hallnäs; Langmann’07

+ B-family



HHHR
c - invariant ideals of C[x]

• P⊂ W - parabolic subgroup up to conju-

gation P= 〈sα|α ∈ Γ0〉, where Γ0⊂ Γ, sub-

graph of the Coxeter graph for W

• DP - intersection of mirrors, DP =
⋂

α∈Γ0
Πα,

where Πα are hyperplanes {(α, x) = 0}

• The orbit DP =
⋃

w∈W w(DP )

• Ideal IP = {q ∈ C[x]|q|DP = 0}

When is ideal IP invariant under the rational

Cherednik algebra HR
c ?

Equivalently, ∇ξ : IP → IP ∀ξ ∈ RN



Generalized Coxeter number hc = hc
R is defined

by

∑

α∈R

cα(α, u)(α, v)

(α, α)
= hc · (u, v) ∀u, v ∈ RN

When c = 1, h1 = h = maxi(di) - the usual

Coxeter number for R.

Theorem F’08 Let Coxeter graph

Γ0 = Γ1 t . . . t Γs,

where Γ1, . . . ,Γs - connected. Let Ri be the

Coxeter root system with the graph Γi. Then

ideal IP is HR
c -invariant if and only if

hc
Ri

= 1 ∀i = 1, . . . , s.

Note when c = const the condition is h = 1/c

for all root systems Ri, i = 1, . . . , s.



Example R = AN−1

h(Ak−1) = k, hence

Γ0 = Γ1 t . . . t Γs,

with Ri = Ak−1 ∀i = 1, . . . , s,

where k = 1/c.

DP = {x1 = . . . = xk, xk+1 = . . . = x2k, . . .}

DP - SN-orbit of DP .

Note that it is necessary that c is inverse inte-
ger for the existence of the invariant ideal.

More generally defining representation C[x] for
HR

c with c = const is reducible if and only if

c =
n

di
+ m

for some integer m, n, 1 ≤ n ≤ di − 1, m ≥ 0,
and some degree di. Dunkl, de Jeu, Opdam’94



Restricted Dunkl operators and integrable
systems of CM type

Let IP = {q ∈ C[x]|q|DP = 0} be HR
c -invariant

Then ∇ξ|DP is correctly defined.

Theorem F’08 The operator

N∑

i=1

∇2
i |C[x]W |DP

is integrable;

[g(∇)|C[x]W |DP
, f(∇)|C[x]W |DP

] = 0,

∀g, f ∈ C[x]W .

Explicit form:

N∑

i=1

∇2
i |C[x]W |DP

= ∆z −
∑

α∈R+
α̂ 6=0

2cα

(α̂, z)
∂α̂,

where ∆z is Laplacian on DP , and α̂ is projec-
tion of α onto DP (z are coordinates on DP ).



This construction gives Sergeev-Veselov op-

erators (at special parameters) starting from

A, B, D root systems. Exceptional groups lead

to new integrable operators.

Example R = F4 =

= {±ei,1 ≤ i ≤ 4;±ei±ej,1 ≤ i < j ≤ 4; 1
2(±e1±

e2 ± e3 ± e4)}

c(ei) = c(1
2(±e1±e2±e3±e4)) = 1

2, c(ei±ej) = c

Γ0 = • ∼= A1 (P ∼= Z2)

L = ∂2
1+∂2

2+∂2
3−

3∑

i=1

(4c + 1)∂i

xi
−

3∑

i,j=1
i<j

2c(∂i ± ∂j)

xi ± xj
−

−
∑

±

2(∂1 ± ∂2 ± ∂3)

x1 ± x2 ± x3
.



Double Affine Hecke Algebra Cherednik’92

R - crystallographic root system of rank N

(with minuscule coweight)

HRq,t = 〈Xλ, Ti, πr〉/relations

• λ ∈ P - weight lattice: (α∨, λ) ∈ Z ∀α ∈ R

here α∨ = 2α
(α,α)

• i = 1, . . . , N , 〈Ti〉 - Hecke algebra

• r ⊂ {1, . . . , N} : πr ↔ br - minuscule coweight

b ∈ P∨ - minuscule: (α, b) ∈ {0,1} ∀α ∈
R+



Faithful representation of HRq,t

The space of representation is C[e(µ,x)], µ ∈ P

Let ∆ = {α1, . . . , αN} be simple roots; let t :

R→ C be W -invariant, denote ti = tαi = t(αi).

Define the representation:

Xλ → e(λ,x), Ti → ti+
t−1
i − tie

−(αi,x)

1− e−(αi,x)
(sαi−1),

πr → τ(~br)ur

τ(·)-shift operator: τ(v)f(x) = f(x− v); q =

e~/2

ur ∈ W is such that

ur : ∆ ∪ {−θ} → ∆ ∪ {−θ},
and ur(−θ) = αr (θ - maximal root).



Cherednik-Dunkl operators

Let b1, . . . , bN be fundamental coweights: (bi, αj) =
δij. Consider reduced decomposition

τ(~bi) = πrsi1 · · · sil

in the extended Weyl group Ŵ = W n τ(~P∨)

(reduced: minimal length, l(ŵ) = |R̂− ∩ ŵR̂+|,
where R̂+ = −R̂− = R+ ∪ {α + ~k | α ∈ R, k ∈
Z>0})

Then define Tτ(~bi)
= πrTi1 . . . Til. One has

[Tτ(~bi)
, Tτ(~bj)

] = 0.

Cherednik-Dunkl operators

For any λ ∈ P∨, λ =
N∑

i=1
mibi, mi ∈ Z, define

Y λ =
N∏

i=1

(Tτ(bi)
)mi.

Then commutativity holds: Y λY µ = Y µY λ =
Y λ+µ ∀λ, µ ∈ P∨.



Macdonald-Ruijsenaars (MR) operators

For any λ ∈ P∨ define the difference operator

Mλ =
∑

ν∈W (−λ) Y ν|W−invariants

Then [Mλ, Mµ] = 0 ∀λ, µ ∈ P∨.

Let br be a minuscule coweight. The corre-

sponding MR operator is

Mbr =
∑

λ∈W (−br)

( ∏

α∈R
(α,λ)=1

tαe(α,x) − t−1
α

e(α,x) − 1

)
τ(~λ).

For the coweight θ∨ one has

Mϑ∨ =
∑

β∈Wϑ

Aβ

(
τ(~β∨)− 1

)

where

Aβ =
( ∏

α∈R
(α,β∨)>0

tαe(α,x) − t−1
α

e(α,x) − 1

)
q−1t0e(β,x) − qt−1

0

q−1e(β,x) − q



HHHRq,t - invariant ideals of C[e(µ,x)], µ ∈ PC[e(µ,x)], µ ∈ PC[e(µ,x)], µ ∈ P

An, Cn cases studied by Kasatani’05,’08

For general R we define

• P = 〈sα|α ∈ Γ0〉 ⊂ W - parabolic subgroup;
Γ0 ⊂ Γ - subgraph of the Coxeter graph
of W ; Γ0 = Γ1 t . . . t Γs; Γ1, . . . ,Γs -
connected components, Ri - corresponding
root systems

• DP :=
⋂

α∈Γ0
Πη

α, where Πη
α are hyper-

planes {(α, x) = η}

• The union of planes DP =
⋃

w∈W+
w(DP ),

where

W+ := {w ∈ W |w(α) ∈ R+ ∀α ∈ Γ0}

• The ideal IP := {q ∈ C[e(µ,x)]| q|DP = 0}



Theorem F., Silantyev’09 Ideal IP is invari-

ant under the DAHA HRq,t if

hη(Ri) = ~ ∀i = 1, . . . , s,

and t = eη/2.

Note in the case η = const the condition on η

is h(Ri) = ~
η ∀i = 1, . . . , s.

This leads to integrable generalized Macdonald-

Ruijsenaars (MR) operators - restrictions of

usual MR operators: [Mλ|DP
, Mµ|DP ] = 0 . Ex-

plicit operator for the minuscule coweight is

Mbr|DP
=

∑

w∈W

∏

α∈R
(α,wbr)=−1

te(α,x) − t−1

e(α,x) − 1
|DP

τ(−~ŵbr),

where û is projection of u on DP , x ∈ DP .

These operators are known for classical root

systems and new for exceptional root systems.



Example R = AN−1, rational version

The MR operator corresponding to br = e1 is

M =
N∑

i=1

N∏

j=1
j 6=i

xi − xj + ~
xi − xj

T ~xi
,

where T ~xi
= τ(~ei). We take Γ0 = Ak−1 t . . . t

Ak−1.

The restricted operator is

Mn,m = ~
m∑

i=1

m∏

j=1
j 6=i

yi − yj + ~
yi − yj

n∏

j=1

yi − xj + η

yi − xj
T η

yi
+

η
n∑

i=1

n∏

j=1
j 6=i

xi − xj + η

xi − xj

m∏

j=1

xi − yj + ~
xi − yj

T ~xi

with ~ = kη, N = mk + n.

Sergeev, Veselov’08 Integrability for arbitrary

~, η; M
n,m
trig as a restriction from M∞.



DAHA of C∨CC∨CC∨C type and generalized Macdonald-
Koornwinder operators

Let R = CN =

{2ei,1 ≤ i ≤ N ; ±ei ± ej,1 ≤ i < j ≤ N},
α1, . . . , αN - simple roots. Faithful representa-
tion of DAHA by operators acting in C[e(µ,x)],
µ ∈ P

Xµ = e(µ,x), µ ∈ P

Ti =
(1− tiuie

−(αi,x)/2)(1 + tiu
−1
i e−(αi,x)/2)

ti(1− e−(αi,x))
(sαi−1)

+ti, i = 0,1, . . . , N .

α0 - affine root, (α0, x) = −(θ, x) + ~.

t, u - W-invariant multiplicities on ĈN - affine
root system; ti = t(αi), ui = u(αi), with u(ei±
ej) = 1.

Overall 5 parameters: t0, u0, t1 = t(ei ± ej),
tn = t(±2ei), un = u(±2ei).



This leads to Macdonald-Ruijsenaars operator

Noumi’94

Mϑ∨ =
n∑

i=1
ε=±1

Ai,ε

(
T −ε~

xi
− 1

)
.

where T −ε~
xi

= τ(ε~ei) is the shift operator, and

Ai,ε =
n∏

j=1
j 6=i

(t1eεxi−xj − t−1
1 )(t1eεxi+xj − t−1

1 )

(eεxi+xj − 1)(eεxi−xj − 1)
×

(1− t0u0q−1eεxi)(1 + t0u−1
0 q−1eεxi)

(1− q−2e2εxi)
×

(1− tnuneεxi)(1 + tnu−1
n eεxi)

(1− e2εxi)
,

where g(z) =
t1ez−t−1

1
ez−1 , q = e~/2.



For appropriate invariant ideal IP we get the
generalized MR operator F., Silantyev’10

Mθ∨|DP
=

N1∑

i=1
ε=±1

Ai,ε

(
T −ε~

xi
−1

)
+

N2∑

`=1
ε=±1

B`,ε

(
T −εη

y`
−1

)
,

where

Ai,ε = (t0tn)
−1

N1∏

j=1
j 6=i

g(εxi−xj; t1,1)g(εxi+xj; t1,1)×

N2∏

`=1

g(εxi − y`; (t1q)1/2, (t1/q)1/2)×

N2∏

`=1

g(εxi + y`; (t1q)1/2, (t1/q)1/2)×

(1− t0u0q−1eεxi)(1 + t0u−1
0 q−1eεxi)(1− tnuneεxi)

(1− q−2e2εxi)(1− e2εxi)(1 + tnu−1
n eεxi)−1

where g(z; a, b) = aez−a−1

bez−b−1 , q = e~/2 = tk1, ~ =
kη, k ∈ Z+.



B`,ε =
q − q−1

(t1 − t−1
1 )(t0tn)

N1∏

j=1

g(εy`−xj; (qt1)
1/2, (q/t1)

1/2)×

N1∏

j=1

g(εy` + xj; (qt1)
1/2, (q/t1)

1/2)×

N2∏

`′=1
`′6=`

(
g(εy` − y`′; q,1)g(εy` + y`′; q,1)

)
×

(1− t0u0t−1
1 eεy`)(1 + t0u−1

0 t−1
1 eεy`)

(1− t−2
1 e2εy`)

×

(1− tnunqt−1
1 eεy`)(1 + tnu−1

n qt−1
1 eεy`)

(qt−1
1 − qt−1

1 e2εy`)



Thank you for your attention!


