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Abstract

A Lorentzian theory of noncommutative gravity with torsion coupled to U(1),
Chern-Simons gauge fields and charged matter is investigated. The construction is
a generalisation of the well-known relationship between three-dimensional gravity
and Chern-Simons theory and it can be viewed as a toy model for a noncommuta-
tive deformation of the U(2) x U(2) Aharony-Bergman-Jafferis-Maldacena model.
Utilising the Harvey-Kraus-Larsen solution-generating technique, BPS solutions of
the field equations are constructed which are exact for all values of the noncom-
mutativity parameter 8, regular for 6 # 0 and singular in the limit § — 0. The
gravitational interpretation of the solutions is discussed.
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1 Noncommutative Field Theory

We start by recalling some facts about noncommutative field theories and setting up the
notation. We then briefly review Chern-Simons theory and its relation to gravity with
torsion.

Consider a flat noncommutative space with coordinates (¢, x,y). Time t is taken as a real
(commuting) parameter while the operators associated to z and y satisfy

(2, 9] = i, (1.1)

where 6 is a commuting parameter of length dimension 2. There is a one-to-one Moyal-
Weyl correspondence between operators on Hilbert space and ordinary functions: for a
given function f with Fourier decomposition

d2k 3 Z(k1$+k y)
flz,y) = Wf(k)@ w, (1.2)
the corresponding operator f is the Weyl ordering of the formal expression
N Pl e
f(2,9) = /(QT)zf(k’)@(kI Thyd), (1.3)

The operator product f - g of two operators f , g corresponds to the x product of functions
f, g defined by

o 3357905 f (21, 429221 42) s —enn -y (1.4)

Noncommutative field theory Lagrangians can be written in the operator framework or in
terms of commutative fields for which the ordinary product is replaced by the x product
defined in (1.4); we will be using both approaches.

A basis for the Hilbert space is given by the eigenstates {|n)} of the creation and annihi-
lation operators defined by

B —ij
V26 V20

in such a way that they satisfy the commutation relation |[a,
7‘2 .

operator |n)(n| is mapped to the function 2(—1)”Ln(¥>6_7, where L, (z) is the n-th

order Laguerre polynomial. Any operator O can be expressed as a linear combination

a =

(1.5)
a’] = 1. The projection
Y nOmn|m) (n| for some complex coefficients O,,,. For example, the number operator

N = aa' is diagonalised by the basis states {|n)} and since its eigenvalues N ~ o (2% +y?),
it measures the square of the distance to the origin.



Under the Moyal-Weyl mapping, integration over space becomes the operator trace, which
we denote by Tr:

/dzxf — 27r9Trf;

derivatives are related to commutators as follows:

0.8 > —5linfl. 0, = 5li )

Lot L
azf \/é[a ) ]7 azf \/al:aj7 }
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in the complex coordinates defined by z = 7 (z +1iy) = vfa. In the following, for the
sake of simplicity, we often drop the hats on operators.

2 Noncommutative Chern-Simons and Gravity with

Torsion

Consider noncommutative Chern-Simons theory with gauge group G and action

.
&m:i/ﬁ%ﬂﬁ[;W%IC%@AW—éAw%AJ], (2.1)

where tr denotes the trace over group indices and « is a coupling related to the Chern-

Simons level k£ by xk = % As explained in [24, 25|, gauge invariance requires K to
be quantised if II;(G) is nontrivial, as is the case for U(n) (remarkably, this includes
the case of the noncommutative U(1) theory). The action is then invariant under the

noncommutative gauge transformations
A, — UAU +iU'9,U, (2.2)

where U is a t-dependent element of G which acts as the identity on the {|n)} as n — oo.

Following [28, 20], the construction of ref. [12] involves considering the difference

of the actions for two noncommutative Chern-Simons gauge gauge fields AY and A" with
the same coupling x and a product gauge group G = U(1, 1), xU(1,1),. Note that a single
Chern-Simons term (2.1) breaks parity, whereas the difference (2.3) is parity invariant;
parity invariance is unbroken in gravity, so at least two such terms are needed in the
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construction. The choice of gauge group G is natural for a noncommutative generalisation
of the relationship between three dimensional gravity and SO(2,1) x SO(2,1) Chern-
Simons theory in a Lorentzian space [28, 20]>. An element M of U(1, 1), satisfies

M~ =Mt MxM1'=M"'xM=1 2.4
nM'n, ,

where n = diag(—1,1). All fields can be chosen to be real and their reality is preserved
under noncommutative gauge transformations. Write

1 1
A = - —
w + l€+2
~ 1 7~
= — = =b 2.
w le+2, (2.5)

with [ a real constant of length dimension —1 and
w=wr?, e = e, b = bl, b =Dl (2.6)

Here a = 0,1,2 and 74 (A = 0,1,2,3) are the generators of the Lie algebra u(1,1). In
terms of the standard Pauli matrices, the 74 can be chosen as follows:

] 1
To = 503, T, = 01, T2 = 502; 73 = %]I (2.7)
and the normalisation is
1
tr (7a7p) = 37AB; (2.8)

where nap = diag(—1, 1,1, —1) is the u(1,1) inner product. The action (2.3) can then be

written as
1

1
Spcs = 7 / €abe (6“ A R — ﬁe“ Aeb A ec)

/(b/\db—bAbAb)Jr%/(EAdB—EAE/\E)
/ﬁab(ea/\wb+w“/\eb)/\(b+?)>

1 ~
a b a b
91 nab(w A w +l—2€ AG)/\(b—b)

+

|&. g:%lw.l\ﬂ’i

+
(2.9)

(we use units in which 167Gy = 1, where G denotes the Newton constant). Here all
wedge products are taken with respect to the x product and

R = dw+wAw
T = det+twAhe+eAw. (2.10)

3A closely related Euclidean theory of noncommutative gravity based on the complex group GL(2,C)
was discussed in ref. [7].



If w is interpreted as the Levi-Civita connection and the U(1, 1), valued fields R and T
are expanded as

R = Rty — %nabwa A whTy
T = T, — %(w“/\ea+e“/\wa)73, (2.11)

then the expressions (2.10) yield formulae for the quantities R* and 7* which are non-
commutative generalisations of the familiar expressions for the curvature and torsion,

viz.
a a 1 a a b
R* = dw —56 b AW
1
T = de" + 5 (W' A e’ +w’ Awy?) (2.12)
wherein
w? = ey, R™ = ¢"™R,. (2.13)

Thus (2.3) (or (2.9)) describes a three -dimensional theory of torsionful gravity in non-
commutative space with a negative cosmological constant A = —1/I? coupled to two
noncommtutative U(1), Chern-Simons gauge fields b and b [12]. Moreover the invari-
ance of (2.3) under the gauge transformations (2.2) translates into transformations of the
fields w, e, b, b which leave the action (2.9) invariant and can be interpreted as deformed
rotations, translations and U(1) x U(1) gauge transformations.

3 Adding Higgs Scalars

Let us now consider adding matter to the noncommutative Chern-Simons action (2.3).
In order to study vortices and solitons in our model, we mostly need to consider charged
noncommutative Higgs fields with a particular sixth order potential. The matter action
will be of the form

Smatter - SHiggs + Sferma (31>
where the action for the noncommutative Higgs fields is

SHiggs = / dt2r0Trtr [D,¢ D o + V (¢pgT)] (3.2)

and Sferm denotes fermionic and other matter fields which we set to zero for the sake of
simplicity. As the gauge group G is a product of two U(1,1), factors, we need to distin-
guish gauge transformations with respect to the left U(1, 1), from gauge transformations
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with respect to the right U(1, 1), and mind the noncommutativity of operator orderings.
The Higgs fields can be chosen to transform in the adjoint, the fundamental or the bifun-
damental representations of G; here we will focus on the fundamental and bifundamental
representations.

For a charged noncommutative Higgs field in the fundamental representation, we can
consider the ‘left module’ [17, 14, 21] in which the fields transform as

¢ — Uro, Al — (UMTALU" +i(U")e,U" (3.3)
and the covariant derivative is defined by

D¢ = 0,0 — iAL ). (3.4)
We can also consider the ‘right module” in which the fields transform as

¢ — pU™, Al — (UMTALUT — (Uo7 (3.5)
and the covariant derivative is

Dy¢ = 0,0 — igAlL. (3.6)
For ¢ in the bifundamental representation,

¢ — ULpUR (3.7)
and

Dy¢ = 0,0 —iAj¢ + ipAll. (3.8)
A special case of the bifundamental transformations is obtained by setting

A=A = A, D¢ = 0,0 —iA,p +idA,; (3.9)

this corresponds to the diagonal U(1,1),. Note that the noncommutative gauge transfor-
mations considered above reduce to the their commutative counterparts U(1,1)r, U(1,1)g
and U(1,1)g4iqg in the limit § — 0.

The Higgs potential is taken to be of the form
1 9 2
V(€ =—=¢ (v =) (3.10)
This is the Bogomol'nyi limit of the general gauge invariant and renormalisable potential
possessing a symmetry breaking minimum at v = |¢|; in this limit the symmetric minimum

is degenerate with the asymmetric one [29]. The corresponding couplings to the gravity,
torsion and abelian Chern-Simons fields can be obtained by expanding the Higgs field as

6= 0"+l (3.11)



and expressing the kinetic term in (3.2) in terms of w, e, b and b using (2.5) and (2.7)-(2.8).
For a Higgs field in the bifundamental representation, this yields

Sposn = / (0,600 + 9, 6%0 1 + 98,0° T + Tt

+i (%8‘@“8’%2 + 0,8 70 + O™ T + aﬂgogof]l) (w + %e + %bﬂ) +...
..+ Vieeh] .

The expression (3.12) simplifies considerably for Higgs fields in the left or right module,
as can be seen by setting A" = 0 and A* = 0, and for fields in the diagonal U(1,1), (for
which A% = AL = A).

The action of the model which we will be investigating further below can be written
alternatively as

S = SLR+SHiggS7 (312)
where Sy g is given in (2.3) and Spiggs in (3.2), or more explicitly as
S = Sgcs + Spcsu (3.13)

where Spcs is the CKMZ action (2.9) and Sgcgy is the action for the noncommutative
Higgs system coupled to the noncommutative gravity, torsion and U(1), Chern-Simons
gauge fields given in eq. (3.12).

It is interesting to compare the 6 — 0 limit of this model to the bosonic part of ABJM
theory [30], which was proposed as a description of multiple M2-branes probing a C*/Z,,
singularity. More precisely, we need to compare with the bosonic part of the maximally
supersymmetric mass deformation of the ABJM model in ref. [34]. Recall that the ABJM
theory with gauge group U(N) x U(N) is an ordinary Chern-Simons-matter system with
N = 6 superconformal symmetry describing the low-energy limit of N M-branes near the
singularity. In the 't Hooft limit of large N with fixed ratio N/k, this theory is conjectured
to be dual to type IIA superstring theory on AdS, x CP?. The case of particular interest
to us is that of N = 2 and gauge group U(2) x U(2), as this is most closely related to the
model studied here; for k& = 2, this describes two M2-branes on an R®/Z, orbifold [30].
The ABJM action for this case is

SABJM - Sés + Sgs + Smatter (314)

where 8Ly and Sfg are the actions for two ordinary Chern-Simons gauge fields A*, A®
and the Chern-Simons levels associated to the two U(2) factors of the gauge group are
equal and opposite:

k 27 21
Sks+Sbs = 1= / dPere [tr (AﬁayAﬁ - éAﬁAfAﬁ) — tr (AfayAf - éAffAf‘Af)]
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(3.15)

and Spauer 1S an action for complex fields C; and C! as well as fermions ; and ¢!
transforming in the (2,2) and (2, 2) of U(2) respectively; here I = 1,2,3,4 is the SU(4)
R-symmetry index. This action takes the form

Smatter - /dg«r [tl" (D,uCID'uCJ) + itr (IEI'YHDu'(bI)} + Sinta (316)

where v# = (io9, 01, 03) are the Dirac matrices. Here the covariant derivatives are defined

by
D,Cr = 0,Cr+i (ALC; — CLAT) D,Cr = 8,Cr—i (CT AL — AllCy) (3.17)
(with similar definitions for the fermions) and the interaction term is of the form

Ar? _ _ _ _ _ _
Sw = g5 | dotr (C101C,C7CKCN + €07 0,0 O C!

+4C,C7CC'C,CN — 6C1C7C,C O CF) + Syun (3.18)

with Sy, containing ¥?C? Yukawa coupling terms which will not concern us further.
The maximally supersymmetric deformation of ref. [34] breaks the SU4)g x U(1) global
symmetry of (3.19) to a SU(2) x SU(2) x U(1) x U(1) X Zs symmetry which is preserved
by the deformation

AT

Smass = L

_ _ o ko _
d3.’15t1' (C[CICJU}](CK — CIC[CJU}](CK + Z—CIC[) — /,Ltrwln}]'l/}J’
T
where 1 denotes the mass deformation parameter and n = diag(1,1,—1,—1). Setting
Ci=¢,Cr=0for I =2,3,4 and comparing the action

Su = SABJM + Smass (319)

with the # — 0 limit of our noncommutative Chern-Simons-Higgs system (3.12), we find
that the bosonic part of the former essentially agrees with the latter, with the identification

o= ()" 320

Therefore (3.12) can be viewed as a toy model for a noncommutative generalisation of the
U(2) x U(2) ABJM model. It would be interesting to construct an N' = 6 supersymmetric
generalisation of (3.12) and to identify a brane construction with magnetic fields in M
theory whose low-energy dynamics is related to the generalised model in the appropri-
ate limit [1]. We note that some relevant supergravity backgrounds with magnetic fields
have been constructed in the context of the AdS/CFT correspondences for noncommu-
tative N/ = 4 supersymmetric Yang-Mills theory [33] and for various noncommutative
generalisations of ABJM models [38] at large V.
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4 Noncommutative Chern-Simons Vortex Solitons

Consider the Chern-Simons-Higgs model of the previous section, with Higgs fields in the
bifundamental representation of U(1,1), x U(1,1), and the relativistic sixth order Higgs
potential (3.10) *. The action is

S = Sgs + Sgs + SHiggs

Kl L L 2,04 v R R 2l R R AR
= /dt27r9Tr§ {e” Ptr (Aua,,Ap - EAMAVAP) — Pty (Aua,,Ap — EAMAV Apﬂ
+ / dt2m0Trtr [D,d(D"¢)' + V(|¢]*)] , (4.1)

where we introduced the notation |O]?> = OOT for any operator O and the covariant
derivatives are defined in (3.4), (3.6) and (3.8) depending on the chosen representation
for ¢. The Bogomol'nyi bound and BPS equations for this system can be found by
standard methods [32]. The total energy is given by

o / d1270Trtr [Dod(Dod)' + Did(Did) + V(I6P)] . (4.2)

which can be written equivalently as

2

E = /dmeTm D0¢i£(v2—|¢12)¢ + |(Dy £iDy) ¢|?

1. 1 .
£ (o> —v?) (B - Ejo) ¥ Eelek]l +v’B]| .

Here j, is the current density associated with U(1), rotations,

Ju = 1[Dudd" = $(Du9)"] (4.4)
and B = F, is the magnetic field. The Gauss law constraint reads

kB = jo (4.5)
so that, up to total derivative terms,

2

E = /dt27r9Trtr D0¢i£(v2—|¢]2)d) + (D) £+ iDy) ¢|* £ 2B .

(4.6)

4Noncommutative generalisations of the nonrelativistic Jackiw-Pi potential [23] can also be considered,
as was done in [21] for the noncommutative generalisation of the abelian Yang-Mills-Higgs system and
in [13] for the noncommutative Chern-Simons-Higgs system.
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The Bogomol'nyi bound is thus
E > 0?0, (4.7)
where ® denotes the total flux density:
¢ = 0TrtrB. (4.8)
The bound (4.7) is saturated by field configurations satisfying the BPS equations
(D1 £iDy)¢p = 0 (4.9)
D¢ £ % (v* = 1¢*) o = 0. (4.10)

Using the Gauss law (4.5), eq. (4.10) can be rewritten as
2
B =+ 210 (v" - [of). (11)

Using the methods of ref. [26, 27, 13], it is now straightforward to find nontopological
soliton solutions of eq. (4.9) and (4.10). In the Fock basis, define projection and shift
operators P, and .S, by

Sm = Y _|n+m)(n| (4.12)
P, = In)(n|, (4.13)

together with a further operator Z,,:
Zrm = PpaPy, 4 SpaS! | (4.14)

where a denotes the annihilation operator defined in eq. (1.5). The shift operator is a
non-unitary isometry,

ST S =1, S,ST =1— P, (4.15)
and it follows that the operator Z,, satisfies the commutation relations

(Z, Z1] =1 —m|m — 1)(m — 1]. (4.16)
It will also be useful to introduce the covariant position operators defined by [39, 40]

X =z — 0e; AL, X[t =2 — e AT, (4.17)

2 K3

9



as they transform covariantly under the gauge transformations of the Chern-Simons fields
Al and AZ. In particular, they can be used to measure the invariant size A of the solitons.
For any density p (e. g. of energy or charge) associated with the solution, a convenient
definition is

A \/Trtr (Xi = Fo) (X; = R)) (4.18)
Trtrp

where the R; denotes the density center defined by
_ TrtrXp

;= : 4.1
' Trtrp (4.19)
Now define operators
Kb o= L (X{ —iX7)
V20
1
K% = — (X{"—iXJ)). 4.20
\/2—9 ( 1 2 ) ( )
Then
L U )
B=g z+5[X1,X2} (4.21)
and the BPS equations (4.9) and (4.10) can be written equivalently as
(K5)'¢ — ¢a’ = 0 (4.22)
20
L= [KE (KD = 4lel* (0" — [o]) (4.23)

for the left module, and similarly for the right module. For each value of the magnetic
field there are two types of solutions to these equations which can be written as

¢f = Ailm —1)(0], K" =27,
¢ = xxlm —1)(0], K% =7, (4.24)

where the Ay and y4 are given by

14 (1 - Z‘f);] . (4.25)

The solutions exist provided

2 _ 2
AL =0

2mk

0>

(4.26)

v4
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and in particular they admit no commutative limits as the noncommutativity parameter
0 — 0. Once the BPS equations are solved, explicit expressions for the gauge fields
components A and A7 can be given. First, Af and A are determined by (4.10) and
one finds

A =3 (P 19MP), AR =T (- [6P); (4.27)

I %]

note that these components are also determined by their field equations as derived from
action (4.1), viz.

RewFl = jit (4.28)
and
RewFll = jf (4.29)

, together with expression (4.4) for the current. The spatial components of AX and AR
for the solutions (4.24) are then readily obtained from definitions (4.17) and (4.20):

Al = [Py (a—i—aT) P, +Sn (a+&T) Sh— (a+aT)]

V20
L _ L a—a a—a —\a—a
AL = m[Pm( N P+ S (a—a') ST, — (a—a)] (4.30)

and similarly for the AZ. The operator Z,, is given explicitly by

3
N

Zm

\/n+1]n>(n—|—1\+i\/n+1\n+m><n+m+1\. (4.31)

3
Il
=)

The total flux of the solutions is obtained from (4.8) and (4.11); utilising (4.25), one finds
d = m. (4.32)
The corresponding value of the energy (which saturates the bound (4.7)) are
E =mv. (4.33)

The centre position associated with the Hamiltonian density H (cf. eq. (4.2) vanishes on
the solution,

RH _ Trir X;Ho

= 4.34
! Trtrp (4.34)

and the size of the energy density distribution is

= (1 P .

muv
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The total charge carried by the solutions is
Q = 2n0Trtrjy = 2wKm, (4.36)

the centre position R? associated with the charge density jo nanishes on the solution,

R — TrtI‘Xijo _

i =

4.
Trtryj (4.37)

and the associated size is
Ag =+/0(m —1). (4.38)

The total angular momentum can be found by applying the Noether method to the
action (4.1), which is symmetric under the covariant rotations [41]

l

1
0Ay = _Q__QDO (Xka)
1
dp = % (Xk X0 — Qwpy) (4.39)

The result is [40, 41]

Q; = 210 Trtr (eijxngj + e XPTY — g [D:Dop(Di)t — Dicb(DiDocb)T}) (4.40)

where T is the stress-energy density

T = —% (Dig(Dog) + Dop(Digp)") . (4.41)
For the solutions (4.24), one finds

Qg = mEm(m —2) (4.42)
and

Ay=... (4.43)

5 Gravitational Intepretation of the Solutions

Given a field configuration which solves the field equations of our noncommutative Chern-
Simons-Higgs model, one can regard it as a solution of the theory of noncommutative
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gravity with torsion coupled to Chern-Simons gauge fields and charged Higgs fields defined
by the action (4.1). Explicitly, the dreibein and connection are obtained by inverting (2.5),
which yields the formulae

(A" + AF) (5.1)

N ~D| —

(AY — AR). (5.2)

Defining the noncommutative metric G, by [8, 9]
Gul/ = GZ * efznab = Guv + ib,l,tl/) (53)

the second order formalism can be given in terms of the symmetric metric g, and anti-
symmetric 2-form potential by, .
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